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Introduction

Applications of statistical methods in auditing make it possible to save costs of con-
trolled management and accounting systems. Due to this, the number of applications
of statistical methods in auditing is gradually increasing. Moreover, it is expected
that audit reports are prepared as quickly as possible, and statistical methods can
also help with this.

Applications of statistical methods in auditing are considered e.g. in the follow-
ing monographs: Arens and Lobbecke (1981), Artificial Intelligence... (1995), Guy
et al. (1986), Leslie et al. (1979), Neter and Loebbecke (1975), Robert (1978). In
Polish literature this subject is presented in books by Hołda and Pociecha (2004,
2009), Karliński (2005), Klima (2005), Przybycin and Rojek (1966) and Wywiał
(2014a).

However, although the already large amount of statistical literature dealing with
auditing problems is constantly expanding, it seems that many auditing problems
still need more efficient solutions. This is the main reason why new applications of
statistics in auditing are still being searched for. This book contains the results of the
author’s research into new applications of statistics in auditing. The main purpose
of this book is to present the author’s new contributions to applying statistical meth-
ods in auditing. Due to this, the book is not a classical monograph about statistical
auditing which shows all former theories and applications of statistical methods in
auditing. Instead, the author focuses on presenting his own solutions.

All kinds of statistical inference approaches are considered in this book. These
approaches are outlined in the first chapter, where some basic models of statistical
inference are presented. Moreover, the first chapter also gives an explanation as to
why the decision-making process in auditing is treated as a problem of verifying
appropriately formulated statistical hypotheses.

The second chapter is devoted to compliance tests. This topic is considered as
a way of verifying hypotheses on the total number of errors or the fraction of er-
rors. The classical Neyman-Pearson and Bayesian approaches to testing statistical
hypotheses are taken into account. We present formal methods of evaluating the
necessary sample size under assumed auditing risks.
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2 Contents

Usually these risks are called the risk of incorrect rejection (of the auditing sys-
tem) and the risk of incorrect acceptance. When the theory of testing statistical hy-
potheses is taken into account, risks are represented by the significance level of the
test or the probability of an occurrence of type II error. Several iteration methods as
well as the Monte-Carlo method are applied to evaluate the necessary sample size.

The process of making auditing decisions based on so-called substantive tests
seems to be more complicated than using compliance tests. That is why this prob-
lem is considered in chapters 3-5. Statistical inference methods are supported by
the distribution of book values. Those values are treated as observations of the aux-
iliary variable in the whole population. The audit procedures based on substantive
tests are considered as the problem of verifying statistical hypotheses about total
(accounting) error.

In the third chapter, the randomization and model approaches are taken into ac-
count, but statistical inference is only based on simple random samples or on a set
of random samples drawn from the stratified population. Usually, the distribution of
variables observed in accounting is not known. Hence, the exact distributions of test
statistics are also not known. In this situation, inference has to be based on asymp-
totic distributions of statistics. More details about this problem are presented in
subsections 3.3.2-3.3.4. The well-known Berry-Esséen inequality as well as Monte-
Carlo the simulation are used to evaluate the sample size to assure sufficient conver-
gence of test statistics to normal distribution. The proposed simulation algorithms
and some results of Monte-Carlo inference are reported in subsection 3.3.5. Un-
der the assumed normal distribution of a test statistic, the necessary sample size is
evaluated in subsection 3.3.6 under the risk of incorrect rejection or incorrect ac-
ceptance. Regression and ratio estimators, well known in survey sampling, are used
as test statistics. In section 3.4 their variances are evaluated under the assumption
that accounting error and true observation are independent. The well-known opti-
mal stratification procedures of the support of an auxiliary variable are presented in
subsection 3.5.2. They are based on the method of evaluating stratified sample sizes
to assure sufficient convergence to the normality of the test statistic based on the
stratified sample mean, proposed in the subsection 3.5.3.

The chapter fourth generalizes the considerations from chapter three but uses
more complex cases of data observed in the samples drawn by means of so-called
monetary (dollar) sampling designs. Monetary sampling designs are characterized
by first-order inclusion probabilities, which are approximately proportionate to book
values. In this book the monetary-type sampling designs are treated as particular
sampling designs characterized by first-order inclusion probabilities that are non-
decreasing functions of a positive auxiliary variable.

Some specific sampling designs are presented in section 4.1. Their first-order
inclusion probabilities are approximately proportional to book values, as was ex-
plained e.g. in the case of sampling designs that are dependent on the function of
the auxiliary variable order statistics presented in subsection 4.1.8 and 4.1.9. A sam-
pling scheme based on the gradual left truncation of a positive and discrete auxiliary
variable is proposed in subsection 4.1.7. In practical auditing analysis, a systematic
sampling scheme with probabilities proportional to book values is preferred. This is
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equivalent to the Hartley-Rao sampling scheme as shown in subsection 4.1.4. The
important issue of the convergence of the studentized Horvitz-Thompson statistic to
(standard) normal distribution is considered in section 4.2. It is shown that such con-
vergence is possible on the basis of the central theorems mainly of Hájek (1964) and
Berger (1998). Moreover, the simulation procedures proposed in subsection 3.3.5
can be used to evaluate the necessary sample size to assure sufficient convergence
to the normality of the test statistic. The statistical inference based on the Horvitz-
Thompson (1952) statistic applied by Cordy (1993) to a continuous population is
considered in section 4.3. In this case, the sampling design is defined as the ap-
propriate multivariate density function of continuous observations of an auxiliary
variable. In subsection 4.3.2, three original sampling schemes and designs are pro-
posed. The sampling schemes are defined by means of some conditional density
functions of the gradually left truncated distributions of an auxiliary variable. The
appropriate conditional functions of sampling schemes as well as inclusion proba-
bilities are derived for the cases where the auxiliary variables have exponential and
Pareto distribution functions.

The fifth chapter deals with the special issue of inference based on the model
approach. The observations of audited values as well as of values contaminated
with accounting errors are treated as values of a two-dimensional random variable.
Moreover, book values are treated as values of the random variable with a distribu-
tion function that is a mixture of the distributions of the two variables previously
defined. The model approach allows to apply statistical inference procedures based
on the well-known method of moments or the likelihood ratio test for verifying hy-
potheses on the total error amount. Moreover, the Bayesian approach is also taken
into account. In detail, statistical inference is based on book values being observa-
tions of a random variable whose distribution is a mixture of two Poisson distribu-
tions. In subsection 5.2.2, we show how to obtain estimators of the parameters of the
mixture using the method of moments. The proposed test statistics are functions of
those estimators. The likelihood ratio test is considered in detail in subsection 5.2.3.
Finally, in subsection 5.2.4, the appropriate posteriori distribution of total error is
derived. The randomization and model approach are jointly considered in section
5.3. The generalized likelihood function of the sample drawn according to a com-
plex sampling design is defined. The test statistic is determined as a function of the
estimators of appropriate parameters derived on the basis of the likelihood function.

The proofs of the theorems or details of the derivations of some expressions are
presented in the first section of the Appendix. The author’s computer programs,
written in R Core Team (2015) programming language are presented in the second
section of the Appendix.

The book should be useful for auditors dealing with applications of statistics in
auditing. Moreover, it should be valuable for statisticians or students interested in
applying statistical methods in practice.

I am very grateful to reviewer Stanisław Heilpern for his valuable comments.
Moreover, I am very thankful to Tomasz Ża̧dło for proofreading the manuscript.

This project is supported by the grant from the Polish National Scientific Cen-
ter DEC-2012/07/B/HS4/03073.





Chapter 1
Basic definitions and notation

1.1 Fixed population approach

Let U be an identifiable population that can be treated as the following sequence of
integers: U = (1,2, ...,k, ...,N). The index k is attached to a k-th considered object,
for instance an accounting document or accounting subsystem. In this book three
well-known statistical inference procedures will be considered. The first one is the
design-based approach, also known as the fixed and finite population (or randomiza-
tion) approach. The second one is the super-population (model) approach. Finally,
the Bayesian inference methods will be studied.

In the randomization approach, the size N of the population U is fixed. Let z be
fixed variable whose zk value is observed on a k-th population element, so k ∈U . We
assume that zk = 1 when the k-th population element is wrong (e.g. when there is an
error in the k-th accounting document). The observed k-th population element is free
from errors when zk = 0. Hence, the population U is divided into the two following
sub-populations (domains): U0 = {k : zk = 0,k ∈U} and U1 = {k : zk = 1,k ∈U},
so U = U0 ∪U1. The sizes of the domains U1 and U0 are 0 ≤ N1 = ∑k∈U zk ≤ N,
0≤ N0 = N−N1 ≤ N, respectively, and N0 +N1 = N.

On the basis of the paper: Statistical Models... (1989) or the textbook by Wywiał
(2014a) we introduce the following notation. The book (or recorded) amounts are
observed on all population elements and are denoted by xk, k ∈U . These observa-
tions are treated as values of the variable x. The audited (corrected) amounts are
denoted by yk, k ∈U . The error amount (absolute error amount) of the k-th item are
denoted by

dk = xk− yk, dA,k = |xk− yk|, k ∈U. (1.1)

The fraction of error is defined as follows:

ek =
dk

xk
, provided xk 6= 0, k ∈U (1.2)

This is called the tainting (or taint) of the k-th item. Hence:

5
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dk = ekxk, k ∈U. (1.3)

dk =

{
0, if k ∈U0,

xk− yk, if k ∈U1,

Hence:

xk =

{
yk, if k ∈U0,

yk +dk, if k ∈U1.

The above defined error index can be written as follows:

zk =

{
0, if dk = 0,
1, if dk 6= 0,

k ∈U. (1.4)

The vectors: xT = [x1x2...xN ], yT = [y1y2...yN ] and zT = [z1z2...zN ] are the param-
eters of the population. Usually, x ∈ RN

+ and y ∈ RN
+. The vector of error amounts is:

d = x−y. The population (total) error amount is defined as the following sum:

dU = ∑
k∈U

dk

The population (total) absolute error amount is defined as the following sum:

dA,U = ∑
k∈U
|dk|

The population mean error amount and the population mean of absolute mean error
are defined, respectively, as follows

d̄U =
1
N ∑

k∈U
dk, d̄A,U =

1
N ∑

k∈U
|dk|.

Let us underline that it is possible that d̄U = 0, when d̄A,U 6= 0. But if d̄U 6= 0, then
d̄A,U 6= 0.

In many practical research studies we can expect that dk = xk − yk ≥ 0 for all
k ∈U or yk−xk ≥ 0 for all k ∈U . The latter case can be met in tax auditing. In both
defined cases dU = ∑k∈U (xk− yk) or dU = ∑k∈U (yk− xk), respectively. In general,
the k-th error amount dk can be non-negative or negative. That is why in this book,
in order to simplify consideration we will usually assume that xk ≥ yk for all
k ∈U . This lets us write the following:

dU = xU − yU

where
xU = ∑

k∈U
xk, yU = ∑

k∈U
yk.
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Totals xU , yU , dU and mU = N1 will be called the population book amount and the
population audited amount, respectively. Moreover, the total (population) number
of errors is defined as follows:

mU = ∑
k∈U

zk = N1.

Under the above assumption the following total values will also be considered:

xUh = ∑
k∈Uh

xk, yUh = ∑
k∈Uh

yk, h = 0,1, xU0 = yU0 ,

Hence, the population error amount can be rewritten as follows:

dU = dU1 = ∑
k∈U1

dk = xU1 − yU1 . (1.5)

The population mean book amount, the mean audited amount, the mean error
amount and fraction of errors are defined by

x̄ = x̄U = xU/N, ȳ = ȳU = yU/N, d̄ = d̄U = dU/N = x̄U − ȳU , p =
mU

N
=

N1

N
,

respectively. Moreover, the following means will be considered:

ȳUh = yUh/Nh, x̄Uh = xUh/Nh, d̄Uh = dUh/Nh, h = 0,1, d̄A,U1 =
1

N1
∑

k∈U1

|dk|,

(1.6)
d̄U0 = d̄A,U0 = 0, d̄U1 = x̄U1 − ȳU1 , d̄A,U = pd̄A,U1

When d̄A,Uh = 0, then d̄U1 = 0. But it is possible that d̄U1 = 0, if d̄A,U1 6= 0.
The decomposition of the population mean values are as follows:

ȳU = (1− p)ȳU0 + pȳU1 , x̄U = (1− p)x̄U0 + px̄U1 , ȳU0 = x̄U0 .

Moreover, let us note that

dU = xU − yU = ∑
k∈U1

dk = N pd̄U1 , d̄U = pd̄U1

and

gU =
dU

yU
= p

d̄U1

ȳU
.

The following variances will be taken into account:

v(x,y) = vU (x,y) =
1

N−1 ∑
k∈U

(xk− x̄)(yk− ȳ), v(x) = v(x,x), v(y) = v(y,y)

or
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σ(x,y) = σU (x,y) =
1
N ∑

k∈U
(xk− x̄)(yk− ȳ), σ

2(x) = σ(x,x) =
N−1

N
v(x).

The correlation coefficient is:

ρ(x,y) =
v(x,y)√
v(x)v(y)

=
σ(x,y)

σ(x)σ(y)
.

The variance of book amounts can be decomposed as follows:

σ
2(x) = σ

2(y)+2pσU1(y)σU1(d)ρU1(y,d)+ pσ
2
U1
(d)+

+ p(1− p)
(
d̄U1 +2

(
ȳU1 − ȳU0

))
d̄U1 =

= pσ
2
U1
(y)+(1− p)σ2

U0
(y)+2pσU1(y)σU1(d)ρU1(y,d)+ pσ

2
U1
(d)+

+ p(1− p)
(
d̄U1 + ȳU1 − ȳU0

)2

where

ρU1(y,d) =
σU1(y,d)

σU1(y)σU1(d)

σU1(d,y) =
1

N1
∑

k∈U1

(yk− ȳU1)(dk− d̄U1),

σ
2
U1
(y) = σU1(y,y), σ

2
U1
(d) = σU1(d,d).

Hence, the above decomposition shows how the variance of book amounts depends
on the parameters of variables y and d. The decomposition of the covariance is as
follows:

σ(x,y) = σ
2(y)+ pσU1(y)σU1(d)ρU1(y,d)+ p(1− p)

(
ȳU1 − ȳU0

)
d̄U1 .

Particularly, if d̄U1 = 0, then

σ
2(x) = σ

2(y)+2pσU1(y)σU1(d)ρU1(y,d)+ pσ
2
U1
(d),

σ(x,y) = σ
2(y)+ pσU1(y)σU1(d)ρU1(y,d)

On the basis of the considered decompositions we have:

ρ(x,y) =

=
σ2(y)+ pσU1(y)σU1(d)ρU1(y,d)+ p(1− p)

(
ȳU1 − ȳU0

)
d̄U1

σ(y)
√

σ2(y)+2pσU1(y,d)+ pσ2
U1
(d)+ p(1− p)

(
d̄U1 +2

(
ȳU1 − ȳU0

))
d̄U1

It is difficult to infer using the obtained coefficient without additional assumptions.
When we assume that ρU1(y,d) = 0 and d̄U1 = 0, then
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ρ(x,y) =
σ(y)√

σ2(y)+ pσ2
U1
(d)

.

Hence, 0 < ρ(x,y) ≤ 1. When observations of variable y are not contaminated by
errors, then ρ(x,y) = 1. A large variance σ2

U1
(d) and a close to one fraction p results

in coefficient ρ2 close to zero. Moreover, let us note that the parameter

ζ = ρ
2(x,y) =

σ2(y)
σ2(y)+ pσ2

U1
(d)

(1.7)

is called the reliability coefficient, see Guilford (1971). In the case of a small spread
of errors or a small fraction p the coefficient ζ is close to one.

Let us go back to expressions (1.1) - (1.4). They define the vectors x, y and z for
the population U . Moreover, x=y+d, where d is the vector of errors. From a practical
point of view we are able to observe only the vector x in the whole population, while
in general we are interested in the parameters yU , dU and p. Inference on these pa-
rameters can be based on the joint distribution of the variables (x, y). The properties
of this distribution should be recognized based on an appropriately selected sample
from the population. The data observed in the sample lets us infer the parameters
yU , dU and p.

In general we can say that statistical analysis in auditing is focused on inference
on the frequency of the errors denoted by p or the total error amount dU . Statisti-
cal inference on these parameters is developed using one of two approaches. The
randomization approach is considered if we assume that the vectors x, y and z are
fixed (i.e. non-random). The model approach is taken into account when x, y or z
are treated as values of some multidimensional random variable.

1.2 Model approach

In the previous section, the parameter of the population was denoted by the matrix
[y x] and consisted of non-random column vectors: y and x. In our case y ∈ RN

+ and
x ∈ RN

+. Let us assume that those vectors are appropriate values of the following
two random vectors: YT = [Y1...Yk...YN ] and XT = [X1...Xk...XN ]. Therefore, the
population book amount xk is the outcome of the random variable Xk and the audited
(or true) population amount yh is the value of Yk, k = 1, ...,N. Let F(y,x) be the
distribution function of the random matrix [Y X]. Hence, the matrix [y x] is the
outcome of [Y X].

The conditions for defining a class of distribution functions to which F(y,x) is
assumed to belong is called the super-population or population model (see Cassel et
al. (1977) or Fuller (2009) or Särndal et al. (1992)). Usually, the following simplified
version of the model is defined:
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F(y,x) =
N

∏
k=1

F(yk,xk) (1.8)

where F(yk,xk) is the distribution function of the variables [Yk Xk] attached to the
k-th population element, k ∈U .

The basic moments of the random variables are:

E(Yk) = µ(Yk) =

{
∑i yk,iP(Yk = yk,i),∫

R+
yk f (yk)dyk,

σ(Yk,Xk) =

{
∑i(yk,i−µ(Yk))(xk,i−µ(Xk))P(Xk = xk,i,Yk = yk,i),∫

R+

∫
R+

(yk,i−µ(Yk))(xk,i−µ(Xk)) f (yk,xk)dykdxk

where f (yk,xk), f (yk) are density functions. Moreover: σ(Yk,Yk) = σ2(Yk), k =
1, ...,N.

The particular case for the model defined by expression (1.8) is as follows:
Yk = axk +b+ εk,

E(εk) = 0, V (εk) = σ2ck

for k = 1, ...,N,

(1.9)

where E(Yk|Xk = xk) = axk + b and ck > 0, k = 1, ...,N. This model is called the
regression model. Usually it is assumed that the parameters ck and E(Yk|Xk = xk)
are positively correlated.

Now let us take into account the index of error denoted previously by zk, k =
1, ...,N and assume that it is the value of the binary random variable Zk with the
following probability distribution:

P(Zk = zk) =

{
1− pk, for zk = 0
pk, for zk = 1 k = 1, ...,N.

(1.10)

Now let us assume that the values of the independent random variables Xk, k =
1, ...,N are generated as follows:

Xk = (1−Zk)Yk +ZkWk = Yk +Zk(Wk−Yk) (1.11)

where the value wk of the random variable Wk = Yk +Dk is the accounting amount
contaminated with accounting error Dk. Hence, some of the observations of X are
contaminated with errors and all values of W are contaminated with errors. The
above equation can be rewritten as follows:

Xk = Yk +ZkDk. (1.12)

The above model is usually considered under the assumption that Y , D and Z are
independent, see also the last chapter.
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Frequently, in practical research it is assumed that the random matrix [X Y Z]
defined above is a simple random sample drawn from the distribution F(x,y,z),
where P(Z = 1) = p and P(Z = 0) = 1− p. Hence, the elements of the rows of
the matrix [X Y Z] are independent and each of them is distributed according to
F(x,y,z) (see the classical definition of the simple random sample, Wilks (1962), p.
195).

Under the assumption that Y , D and Z are independent, the following equation is
proved in Appendix 6.1.1:

Fx(x) = (1− p)Fy(x)+ pFw(x), (1.13)

where in the discrete case of random variables Y and D:

Fw(x) = ∑
{d}

Fy(x−d)P(D = d).

When Y and D are continuous:

Fw(x) =
∫

∞

−∞

Fy(x−u) fd(u)du,

where Fw(.) is the distribution function of the random variable W and fd(.) is the
density function of the random variable D.

Particularly, when we assume that p = P(Z = 1) = 1 then X = W = Y +D. In
this case some parameters considered in the previous subsection can be simplified
as follows:

σ
2(x) = σ

2(y)+σ
2(d)+2σ(d)σ(y)ρ(y,d), (1.14)

ρ(x,y) =
σ(y)+σ(d)ρ(y,d)√

σ2(y)+σ2(d)+2σ(d)σ(y)ρ(y,d)
, (1.15)

If ρ(d,y) = 0, then

ρ(x,y) =
σ(y)√

σ2(y)+σ2(d)

and Gilford’s reliability coefficient takes the following form:

ζ = ρ
2(x,y) =

σ2(y)
σ2(y)+σ2(d)

.

Instead of the distribution F(y,x) or G(d,x), more general distribution denoted
by F(y,x|Θ) or G(d,x|Θ) , where Θ ∈ Rp is a vector of parameters, can be con-
sidered. We are interested in inference on Θ or its real function. For instance, the
hypothesis on Θ can be tested by means of the likelihood ratio test, (see Chapter 5).

Moreover, the parameter Θ can be treated as a random variable and its probability
distribution is called a priori. In this case, the well-known Bayesian inference rule
can be considered (see the section 2.4 and Chapter 5).
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Statistical models for auditing are considered e.g. by Kaplan (1973), Cox and
Snell (1979), Ijiri and Kaplan (1971), McCray (1984), Sorensen (1969), Stringer
(1963) or in Statistical models ... (1989).

1.3 Outline of statistical inference in auditing

Statistical inference in auditing is usually reduced to the problem of evaluating the
appropriate confidence intervals which assess the total accounting error dU with
assumed confidence at the level γ ∈ [0;1]. When the hypothetical value d0 of the
parameter dU is inside the confidence interval, then the audited accounting system is
considered to be working properly. In the case when d0 is outside of the interval the
system is wrong. As is well known, this decision rule is equivalent to the appropriate
rule considered in testing statistical hypotheses (see e.g. Beck and Solomon (1985)
or Wilks (1962)). More aspects connected with choosing the appropriate statistical
inference procedure in auditing are considered e.g. by Lobbecke (1995), Lobbecke
and Nether (1975).

In this book, all auditing problems are only considered in the context of testing
appropriately formulated hypotheses usually using the value of the parameters dU
or p. It seems that such an approach is not only very convenient, but also natural,
because the risks considered in auditing are compatible with errors of the first as
well as of the second kind in testing statistical hypotheses. Moreover, some well-
known statistical inference procedures, such as the likelihood ratio test, can be easily
adapted for solving auditing problems.

Usually, as considered above, the sample s consists of two mutually disjoint sub-
samples s0 and s1 so that s = s0∪ s1. The sizes of the samples s, s0 and s1 are n, n0
and n0, respectively. The set s is an outcome of the random sample (set) S. Hence,
the capital letter S denotes only the sub-set of some population elements. The small
letter s denotes the concrete set of elements drawn from the population. Similarly,
s0 and s1 denote outcomes of the random samples S0 and S1, respectively. For in-
stance n1 = ms, where ms is the number of observations contaminated with errors
and ms is the value of the estimator mS of the earlier introduced parameter mU . Sim-
ilarly, ps =

ms
n is an outcome of random variable pS =

mS
n . Inference on parameter

dU = xU − yU can be conducted in two directions. Firstly, the parameter dU can be
estimated on the basis of the statistic dS = xU −yS, where yS is at least an asymptot-
ically unbiased estimator of yU . The next estimator dS1 = ∑k∈S1

dk of the parameter
dU is based only on observations of errors dk = xk − yk in the sample S1. In this
case, the size of the sample S1 and its distribution depends on the sampling scheme.
The current consideration deals with the design-based approach. In the case of the
model approach e.g. values (x1,x2, ...,xn) and (y1,y2, ...,yn) are treated as values
of the following sequences of random variables (X1, ...,Xn) and (Y1,Y2, ...,Yn), re-
spectively. That is why e.g. the above considered statistic dS1 will be denoted by
DS1 = ∑k∈S1

(Xk−Yk). Hence, Ds1 = ∑k∈s1
(Xk−Yk) means the statistic determined

on the basis of fixed sample s1. Moreover ds1 is an outcome of Ds1 .
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Statistics DS and DS1 dS and dS1 can be treated as test statistics of a hypothe-
sis on the parameter dU . Inference based on the statistic dS1 can be based on well-
known small area estimation methods (see e.g. Domański and Pruska (2001), Ghosh
and Rao (1994), Pfefferman (2002, 2013), Rao (2003), Särndal et al. (1992), Ża̧dło
(2008, 2015)). The considerations developed in the last chapter of this book are in
some sense connected with ideas of statistical inference based on small area esti-
mation methods. In general, we prefer classical statistical inference rules because it
seems that they can be applied more simply in statistical auditing.





Chapter 2
Compliance tests

2.1 Testing hypotheses on fraction of accounting errors

According to the notation introduced in section 1.1, we can formulate several hy-
potheses. In general, the auditor’s purpose is to test the following hypothesis:

H0 : mU ≤ m0, H1 : mU ≥ m1 > m0, (2.1)

where mU is the number of non-proper accounting documents, and m0 and m1 are
admissible and inadmissible numbers of incorrect accounting documents, respec-
tively.

The formulated hypotheses are equivalent to the following:

H0 : pU ≤ p0, H1 : pU ≥ p1 > p0, (2.2)

where pU = mU/N is the fraction of non-proper e.g. accounting documents, p0 =
m0/N and p1 = m1/N are admissible and un-admissible fractions (shares) of wrong
accounting documents, respectively.

The hypotheses are tested based on the data observed in a sample and by means
of an appropriate test statistic. Let α be the significance level of a test equal to the
risk η of the incorrect rejection of a properly working system, so α = η . An error
of the second kind occurs with probability ν and it is equal to the risk of incorrect
acceptance of a system not working properly, so ν = κ . Let us note that the power
of a test is denoted by β = 1−ν .

The theory of statistics provides several tests to verify the formulated hypotheses.
Testing can be based on a simple random sample drawn with (or without) replace-
ment or on a non-simple sample. The sample will be denoted by S and its outcomes
by s. The details about sampling designs as well as sampling schemes can be found
in sections 3.2 and 4.1. Here we only outline the problem. Under the formulated hy-
potheses, the auditor has to determine the admissibility parameters m0 and m1 or p0
and p1. Moreover, the risk of incorrect rejection η and the risk of incorrect accep-
tance κ have to be assigned. Let us consider the simple test statistic mS, equal to the

15
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number of identified elements with errors in a sample S of size n. The significantly
large values of the statistic mS suggest that hypothesis H0 should be rejected. Hence,
the rejection (or critical) region of the test is upper-tailed and it is given by:

cα = [mα ;∞), P(mS ∈ cα |H0) = α

When a value of the test statistic falls into the rejection region of the test, the
hypothesis H0 is rejected with the risk η = α . When a value of the test statistic
does not fall into the rejection region, then hypothesis H0 is accepted with the risk
κ = ν = P(mS ∈ cα |H1).

When the sample is a simple random sample drawn without replacement, then
the test statistic has the well-known hypergeometric probability distribution. In sec-
tion 2.2 and under the above hypotheses and the assigned risks of both types, the
sample size is evaluated. Moreover, in section 2.3 we can find several methods of
approximating the test statistic distribution when the value of the parameter pU is
close to zero.

Usually, in auditing, the size of a sample is limited by costs and it is therefore
impossible to increase it. In this situation, the following hypotheses are considered,
which are similar to the above:

H0 : mU ≤ m0, H1 : mU > m0, (2.3)

or
H0 : pU ≤ p0, H1 : pU > p0.

In this case, the significance level is equal to the risk η of incorrect rejection of a
properly working system. The risk κ of incorrect acceptance of a system not work-
ing properly is not controlled. Hence, when the value of the test statistic falls into
the critical region, hypothesis H0 is rejected with risk η = α . When the value of
the test statistic does not fall into the rejection region, hypothesis H0 is not rejected.
However, in this case, H0 cannot be accepted because the level of risk κ cannot be
assessed.

In some sense, the above hypotheses given by (2.1) and (2.2) have the following
dual forms:

H ′0 : mU ≥ m1, H ′1 : mU ≤ m0 < m1

or
H ′0 : pU ≥ p1, H ′1 : pU ≤ p0 < p1. (2.4)

Now, the significance level of the test is equal to the risk of incorrect acceptance of
a system not working properly, denoted by, so κ , so α = κ . An error of the second
kind occurs with probability ν and is equal to the risk η of incorrect rejection of a
properly working system, so ν = η . Small values of the test statistic mS lead to a
rejection of hypothesis H ′0. In the considered case, the power of the test is β = 1−η .

In practice, auditors pay special attention to the risk of incorrect acceptance of a
system not working properly. That is why the following simplified hypotheses are
considered:
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H ′0 : mU ≥ m1, H ′1 : mU < m1

or
H ′0 : pU ≥ p1, H ′1 : pU < p1. (2.5)

In this case, the significance level α is equal to the risk κ of incorrect acceptance
of a system not working properly. The risk η of incorrect rejection of a properly
working system is not controlled. Hence, when the value of the test statistic falls into
the lower-tailed rejection region, hypothesis H0 is rejected with risk κ = α . When
the value of the test statistic does not fall into the rejection region, hypothesis H0 is
not rejected, but we cannot accept it because the power of the test is not assessed.
In practice, in the above formulated hypotheses, the parameters m1 and p1 can be
replaced with m0 and p0, respectively.

2.2 Verification using an exact test

The construction of compliance tests is based on the well-known hypergeometric
probability distribution. Some aspects of this approach are considered e.g. by Talens
(2005). Let ms be the number of errors identified in a simple random sample of size
n, drawn without replacement. According to the notation introduced in section 1.1
we can write:

mS = ∑
k∈S

zk.

It is well known that the statistic mS has the following hypergeometric probability
distribution:

P(mS = m) =

(m0
m

)(N−m0
n−m

)(N
n

) .

Hence, hypothesis H0 defined by expressions (2.1) or (2.3) is rejected when the
value of the test statistic ms is significantly high. The critical value of the test denoted
by mη is determined by the expression:

η ≥ α = P(mS ≥ mη |H0)

where
mη = minm=0,1,2...{m} and P(mS ≥ m|H0)≤ η .

η is the assumed risk of incorrect rejection of a properly working system and α

is the significance level of the test. If ms ≥ mη , then the system is not accepted as
working properly, with the risk of improper decision equal to η . When ms < mη ,
then the system is accepted as working properly with the risk of improper decision
not greater than the risk of incorrect acceptance of the system not working properly
denoted by κ , where

κ ≥ ν = P(mS ≤ mη |H1)
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where ν is the probability of type II error and ν = 1−β where β is the power of
the test.

Of course, the above inequality will be fulfilled when the sample size is suffi-
ciently large. This is evaluated as the solution of the following system of inequali-
ties: 

η ≥ P(mS ≥ m|H0) = 1−∑
m−1
k=0

(m0
k )(

N−m0
n−k )

(N
n)

,

κ ≥ P(mS < m|H1) = ∑
m−1
k=0

(m1
k )(

N−m1
n−k )

(N
n)

,

(2.6)

Let mη ,κ and nηκ be the solution of the system. Hence, under the assumed risks η

and κ , the necessary sample size should be equal to nηκ and the critical value of the
test equal to mη ,κ .

The above system of inequalities can be solved using a computer program written
in the R programming language. The program is presented in Appendix 6.2.1.

2.3 Approximation of the test statistic distribution

In practice the distribution of the statistic mS is approximated in order to simplify
the evaluation of the sample size. Some usually used methods of approximation are
presented below.

2.3.1 Binomial approximation

In practice, hypergeometric probability distribution can be approximated by means
of the well-known binomial probability distribution (see Colopper and Pearson
(1934), Gerstenkorn and Śródka (1974), Johnson et al. (1992), Krzyśko (2000)).
Approximation is considered when the probability p = mu

N is close to zero or close
to one. Usually, it is taken into account when N ≥ 1000 and p≤ 0.04 or p≥ 0.96. In
this situation the hypergeometric probability distribution function is replaced with
the following:

P(mS = m) =

(
n
m

)
pm(1− p)n−m. (2.7)

System (2.6) is exchanged for the following:
η ≥ P(mS ≥ m|H0) = 1−∑

m−1
k=0

(n
k

)
pk

0(1− p0)
n−k,

κ ≥ P(mS < m|H1) = ∑
m−1
k=0

(n
k

)
pk

1(1− p1)
n−k.

(2.8)
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The solution of the above system denoted by (mη ,κ ,nηκ) under the assumed risks
η and κ determines the necessary sample size nηκ and the critical value of the test
mη ,κ . The above system of inequalities can be solved using a computer program
written in the R programming language. This program is presented in Appendix
6.2.2.

Jowett (1963) proposed to evaluate binomial distribution by means of the well-
known F-distribution (see Seber (2013), too). This lets us rewrite the above inequal-
ity system as follows:

η ≥ P(mS ≥ m|H0) = 1−P
(

W0 ≤ (1−p0)(m+1)
p0(n−m)

)
,

κ ≥ P(mS < m|H1) = P
(

W1 ≤ (1−p1)m
p1(n−m+1)

)
,

where the random variable W0 has central F-distribution with 2(n−m) and 2(m+1)
degrees of freedom while W1 has central F-distribution with 2(n−m+ 1) and 2m
degrees of freedom.

Finally, let us note that Agresti and Coull (1998), Brown, Cai and DasGupta
(2002), Chen (1990) and Wilcox (2012) also considered problems of approximation
in binomial distribution.

2.3.2 Poisson approximation

Hypergeometric probability distribution can be approximated by means of the well-
known Poisson probability distribution when probability p decreases and sample
size n increases. Like in the previous section, approximation is usually considered
when N ≥ 1000 and p ≤ 0.04 or p ≥ 0.96. In this situation, system (2.6) based on
the hypergeometric probability distribution function is replaced with the following:

η ≥ P(mS ≥ m|H0) = 1−∑
m−1
k=0

(np0)
k

k! e−np0 ,

κ ≥ P(mS < m|H1) = ∑
m−1
k=0

(np1)
k

k! e−np1 .

(2.9)

The solution of the above system denoted by (mη ,κ ,nηκ) under the assumed risks
η and κ can be solved using a computer program written in the R programming
language. This program is presented in Appendix 6.2.3.

The Poisson distribution function can be approximated by means of the well-
known chi-square distribution (see e.g. Johnson et al. (1992) and Seber (2013), p.
12). This lets us rewrite the above inequality system as follows:
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η ≥ P(mS ≥ m|H0) = 1−P

(
χ2

2(m+1) ≤ 2np0

)
,

κ ≥ P(mS < m|H1) = P
(
χ2

2m ≤ 2np1
)
,

where the random variable χ2
r has the central chi-square distribution with r degrees

of freedom.

2.3.3 Computer simulation approximation

Binomial or Poisson approximation does not seem to be sufficiently accurate in
the case of very small or very close to one probabilities, e.g. p < 0.001 or p >
0.999. In this case, the computer simulation procedure can be used to evaluate the
necessary sample size and critical value under the assumed risks η and κ . The tested
hypothesis, defined in section 2.1 by means of expression (2.2), is H0 : p ≤ p0 and
the alternative one is H1 : p≥ p1.

The algorithm is two-stage. Firstly, the critical value is evaluated. In order to do
this we assume some starting level of the sample size. Let us denote it by n0. The
sample s1 of size n0 consists of values 0 or 1. The value 1 is generated with proba-
bility p0, so the value 0 is generated with probability 1− p0. Next, the frequency of
the 1 value is calculated. Let this be denoted by ps1 . The samples sk, k = 1, ...,r are
drawn independently a large number of times. Usually, the number of repetitions
of the samples should not be lower than r = 100000. In this way we independently
calculate r sample frequencies psk , k = 1, ....,r. Based on the ordered sequence of
the frequencies, the quantile of the order 1−η is evaluated. This quantile is treated
as the critical value of the test under the assumed sample size at the starting level
n0. Let this be denoted by pη ,n0 .

In the second stage of the algorithm, the power of the test is evaluated under the
assumed sample size n0 and the determined critical value pη ,n0 . Next, series of in-
dependent samples each of size n0 are generated but now the value 1 is generated
with probability p1. The number of repetitions of the sample is equal to r. On the
basis of each generated sample sk of size n0, the frequency psk , k = 1, ....,r is cal-
culated. Let bη ,n0 be the frequency of values psk exceeding the critical value pη ,n0 .
The frequency bη ,n0 assesses the power of the test β = 1−κ .

If bη ,n0 ≥ β , then the sample size n0 is treated as sufficiently large. It means that
under the size n0 and simulated critical value pη ,n0 the test reaches the assumed risks
η and κ . If bη ,n0 < β , then the simulation procedure starts again from assuming a
level of the sample size larger than n0. Let the new sample size be equal to n1 =
n0 + c, where c is an integer, for instance c = 10. In general, if bη ,nt ≥ β , then the
sample size nt is treated as sufficiently large. This means that under the size nt and
simulated critical value pη ,nt the test reaches the assumed risks η and κ . If bη ,nt < β ,
then the simulation procedure is started again from assuming a larger sample size
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nt+1 = nt + c. Finally, let us note that Ryan (2013) and Chernick and Liu (2002)
discuss some problems connected with the approach considered above.

The described algorithm can be solved using a computer program written in the
R programming language. This program is in presented Appendix 6.2.4.

2.3.4 Normal approximation

We are still considering testing hypothesis H0 against H1 defined in expression (2.2).
As was earlier considered earlier, the test statistic is the number of errors identified
in the sample and it is denoted by mS or the sample fraction of the number of er-
rors denoted by pS = mS/n. In the case of a simple random sample drawn without
replacement the following standardized form of the test statistic is considered:

zS =
pS− p0√

N−n
N−1

p0(1−p0)
n

.

On the basis of well-known of de Moivre-Laplace central limit theorem (see e.g
Gerstenkorn et al. (1974)), we can approximate the probability distribution of the
test statistic zS by the standard normal distribution for a sample size not smaller
than 100 but only for 0.04≤ p≤ 0.96.

Under the assumed significance level α equal to risk η and the probability of the
appearance of type II error ν equal to risk κ , we have (see e.g. Wywiał (2014a)):

η = α = P(pS ≥ pη |H0) = P(zS ≥ zη |H0) = P(Z ≥ zη) = 1−φ(zη),

κ = ν = P(pS < pη |H1) = P(zS < zκ |H1) = P(Z < zκ) = φ(zκ),

where

pη = p0 + zη

√
N−n
N−1

p0(1− p0)

n
,

zκ =
p0− p1√

N−n
N−1

p1(1−p1)
n

+ zη

√
p0(1− p0)

p1(1− p1)
,

where φ(z) = P(Z < z) is the distribution function of the standard normal random
variable: Z ∼ N(0;1).

The above results let us derive the necessary sample size:

n∗ = N

1+
(N−1)(p1− p0)

2(
zη

√
p0(1− p0)− zκ

√
p1(1− p1)

)2


−1

, (2.10)

where φ(zκ) = κ = ν , φ(zη) = 1−η = 1−α .
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In the case of a large population size or a simple random sample drawn with
replacement, the above expression simplifies to the following form:

n∗∗ =

(
zη

√
p0(1− p0)− zκ

√
p1(1− p1)

)2

(p1− p0)2 . (2.11)

Finally, let us consider the problem of testing the following hypotheses (see ex-
pressions (2.4)):

H ′0 : pU ≥ p1, H ′1 : pU ≤ p0 < p1. (2.12)

The above hypotheses are in some sense dual to the hypotheses defined by expres-
sion (2.2). In this case we have the following test statistic:

zS =
pS− p1√

N−n
(N−1)n p1(1− p1)

, (2.13)

κ = α = P(pS ≤ pκ |H0) = P(zS ≤ zκ |H0) = φ(zκ),

η = ν = P(pS > pκ |H1),

where

pκ = p1 + zκ

√
N−n
N−1

p1(1− p1)

n
, (2.14)

and φ(zκ) = P(Z < zκ) = κ = α , Z ∼ N(0;1). We can show that the necessary
sample size evaluated under the assumed risks κ = α and η = ν is determined by
expressions (2.10).

In the statistical literature another normal approximation of the probability dis-
tribution of the test statistic pS is considered. The probability distribution of the
transformation:

p̂S = 2arcsin(
√

pS)

is well approximated by the normal probability distribution with variance equal to
1/n (see Ryan (2013), p. 104). This lets us approximately evaluate the necessary
sample size on the basis of the expression:

n∗∗∗ =
1
4

(
zν + zα

arcsin(
√

p0)−arcsin(
√

p1)

)2

This expression is valid when the hypotheses defined by expression (2.2) are tested.

2.4 Bayesian approach

We are interested in testing the following hypothesis (see Wywiał (2014)):



2.4 Bayesian approach 23

H0 : p≤ p1, H1 : p > p1.

Now the parameter p ∈ (0;1) is treated as a random variable. We take into account
the estimator pS = mS/n from the simple random sample drawn with replacement,
where mS has Bernoulli distribution defined by expression (2.7). Usually, it is as-
sumed that the parameter p has the well-known beta distribution B(a,b). This is
called the prior distribution. Its density function is given by:

f (p) =
Γ (a+b)
Γ (a)Γ (b)

pa−1(1− p)b−1, a > 0, b > 0 (2.15)

where Γ (ν) =
∫

∞

0 tν−1e−tdt, ν > 0. The expected value, the variance and the skew-
ness coefficient are:

E(p) =
a

a+b
, V (p) =

ab
(a+b)2(a+b+1)

, β1(p) = 2
(a+b)

√
a+b+1

(a+b+2)
√

ab
.

The posterior distribution of p is given by (see e.g. Domański et al. (2014), Ghosh
and Meeden (1997), Krzyśko (2004) or Santer and Duffy (1989)):

h(p|ms) =
Γ (a+b+n)

Γ (a+ms)Γ (b+n−ms)
pa+ms−1(1− p)b+n−ms−1

Let us suppose that c0 is the loss that deals with the situation when hypothesis
H0 is accepted when H1 is true. This means that the auditor accepts a system when
it does not work properly. The parameter c1 is the loss generated by rejecting H0
when it is true. This means that a properly working system is not accepted.

The general Bayesian rule of testing statistical hypotheses leads to the evaluation
of the following posterior probabilities:

P(p < p1|ms) =
∫ p1

0
h(p|ms)d p, P(p≥ p1|ms) =

∫ 1

p1

h(p|ms)d p

The risk of accepting hypothesis H1 when H0 is true is equal to c1P(p < p1|ms).
The risk of accepting H0 when H1 is true is equal to c0P(p ≥ p1|ms). The decision
rule is as follows. Hypothesis H0 is rejected when:

P(p < p1|ms)≤
c0

c0 + c1
= ω. (2.16)

Hypothesis H0 is accepted if:

P(p < p1|ms)> ω. (2.17)

Usually, c0 = c1. Hence, ω = 0.5.
The next decision rule involves the following Bayes factor (see, e.g. Jeffreys

(1961) or Robert (2007), p. 227):
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B =
P(p < p1|ms)P(p≥ p1)

P(p≥ p1|ms)P(p < p1)
lB = ln(B). (2.18)

Its value is explained as follows (Lodewyckx et al. (2011) after Raftery (1995)):
0 < lB ≤ 1, is weak support for H0,
1 < lB ≤ 3, is positive support for H0,
3 < lB ≤ 5, is strong support for H0,
lB > 5, is very strong support for H0.
The more popular decision rule is as follows (see Kass, and Raftery (1995)):
If 0 < lB ≤ 2, evidence against H0 is not worth more than a bare mention.
If 2 < lB ≤ 6, evidence against H0 is positive.
If 6 < lB ≤ 10, evidence against H0 is strong.
If lB > 10, evidence against H0 is very strong.
Santer et al. (1989) write that usually it is assumed that a+b= n and E(mS) = p0

where p0 is the mean value of the admissible (or expected) level of probability that
the audited system does not work properly. This lets us assess that a = np0 and
b = n−a = n(1− p0). Finally, we have:

V (p) =
p0(1− p0)

n+1
≈V (pS).

The parameters a and b can be estimated by means of the empirical Bayes proce-
dure (see e.g. Copas (1972), Griffin and Krutchkoff (1971) or Walter and Hamdani
(1987)).

Example 2.1. (Wywiał (2014)): An auditor controls 40 accounting documents.
He has found that two of them contain errors. It is assumed that the internal control
system works properly when p0 = 0.03. The auditor states that the internal control
system does not work properly when p ≥ 0.08 = p1 where p1 is the inadmissible
probability of finding documents with errors. Moreover, the auditor assumes that
c0 = c1.

Our hypothesis is as follows:

H0 : p≤ p1 = 0.08, H1 : p > p1 = 0.08.

On the basis of the previous results we have: m = 2, n = 40, p0 = 0.03, a = 1.2,
b = 38.8.

The posterior distribution is:

h(p|2) = Γ (80)
Γ (3.2)Γ (76.8)

p2.2(1− p)75.8 ∼ B(3.2,76.8).

In this case, E(p|2) = 0.04, V (p|2) = 0.0005, β1(p|2) = 1.1202. Using the R-
function pbeta(0.08,3.2,76.8) we have:

P(p < p1|2) = 0.9463 > ω =
1
2
.
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Hence, the auditor should accept the internal control system as working properly.
The prior distribution of p is:

h(p) =
Γ (40)

Γ (1.2)Γ (38.8)
p0.2(1− p)37.8 ∼ B(1.2,38.8).

In this case, E(p|2) = 0.03, V (p|2) = 0.0007, β1(p|2) = 1.7874. Let us note
that the variance is larger in the case of the prior distribution than in the posterior
distribution. The skewness coefficients satisfy a similar relationship. So, the prior
distribution of p is more asymmetric than the posterior one.

Using the pbeta(0.08,1.2,38.8) function we have: P(p < p1 = 0.08) = 0.9435,
P(p≥ p1|2) = 0.0537, P(p≥ p1) = 0.0566.

B =
1.0031
0.949

= 1.0569, lB = 0.0241.

Concluding, the evidence against the quality of the internal control system
(against H0) is poor because 0 < lB ≤ 0.5.

The hypothesis considered here can be tested using a random sample drawn from
a stratified population. This case of inference is considered e.g. by Wendell and
Schmee (1996), Meeden (2003) and Wywiał (2014).





Chapter 3
Substantive tests based on basic random samples

3.1 Testing hypotheses on total accounting amount errors

Some substantive audit procedures are connected with testing the following hypoth-
esis:

H0 : |dU | ≤ d0, H1 : |dU |> d0 (3.1)

or
H0 : |d̄| ≤ d̄0, H1 : |d̄|> d̄0

where d0 is the admissible total accounting error and d̄0 is the admissible mean
population accounting error. The hypotheses formulated by the above expressions
deal with cases when an accounting error can be positive or negative.

In order to simplify this consideration, let us assume that all errors are not nega-
tive. That is why the following hypotheses are taken into account:

H0 : dU ≤ d0, H1 : dU ≥ d1 > d0 (3.2)

or
H0 : d̄ ≤ d̄0, H1 : d̄ ≥ d̄1 > d̄0

where d0, d̄0 is the admissible total (mean) accounting error and, d1, d̄1 is the in-
admissible total (mean) accounting error. In practice the parameter d0 (d̄0) is stated
on the level of mean value. When the observed accounting amount is not less than
the appropriate true accounting amount, then the accounting error can be defined as
d = x−y. If the observed accounting amount is not greater than the appropriate true
accounting amount, the non-negative accounting error can be defined as d = y− x.

As an example, the hypotheses shown in expression (3.2) are tested on the basis
of data observed in a sample and by means of an appropriate test statistic dS. The
significance level of the test will be denoted by α and it is equal to the risk of
incorrect rejection (e.g. the accounting report) denoted by η , so, α = η . The power
of the test is assumed to be at level β . Hence, the probability that type II error will

27
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occur (hypothesis H0 is accepted when H1 is true) is ν = 1−β and it is equal to the
risk of incorrect acceptance, so ν = κ .

In general, according to the above hypotheses the rejection region of the test is
upper-tailed:

cα = [dα ;∞), P(dS ∈ cα |H0) = α = η . (3.3)

When ds ∈ cα , hypothesis H0, given by expression (3.2) is rejected. This decision is
wrong with risk η = α . If the value of dS does not fall into the critical region, the
hypothesis H0 is accepted. This decision is wrong with risk κ = ν .

When parameter d1 is not defined, the above hypotheses can be simplified to the
following form:

H0 : dU ≤ d0, H1 : dU > d0 (3.4)

or
H0 : d̄ ≤ d̄0, H1 : d̄ ≥ d̄0

In this case only the risk of incorrect rejection can be controlled. The critical region
is shown by expression (3.3).

The dual versions of the hypotheses formulated by expression (3.2) are as fol-
lows:

H ′0 : dU ≥ d1, H ′1 : dU ≤ d0 < d1 (3.5)

or
H ′0 : d̄ ≥ d̄1, H ′1 : d̄ ≤ d̄0 < d̄1.

In this case, the significance level α of the test is equal to the risk of incorrect
acceptance (e.g. of the accounting report) denoted by κ , so α = κ . The probability
ν , that type II error occur, is equal to the risk of incorrect rejection, so ν = η .
According to the hypotheses in expression (3.5), the lower-tailed rejection region of
the test is:

cα = (−∞;dα ], P(dS ≤ dα |H0) = α = κ. (3.6)

When ds ∈ cα , hypothesis H0, given by expression (3.5) is rejected. This decision is
wrong with risk κ . If the value of dS does not fall into the rejection region, hypothe-
sis H0 is accepted. This decision is wrong with risk η . Finally, let us note that when
d0 is not known hypotheses (3.5) can by simplified to the following:

H ′0 : dU ≥ d1, H ′1 : dU < d1 (3.7)

or
H ′0 : d̄ ≥ d̄1, H ′1 : d̄ < d̄1.

In this case, only the risk of incorrect acceptance κ = α can be controlled.
Sometimes the total (mean) absolute error amount dA,U (d̄A,U ) defined in Subsec-

tion 1.1 is taken into account. In this case the hypotheses are formulated as follows:

H0 : dA,U ≤ d0, H1 : dA,U ≥ d1 > d0

or
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H0 : d̄A,U ≤ d̄0, H1 : d̄A,U ≥ d̄1 > d̄0

where d0, (d̄0) is the total (mean) admissible accounting error and, d1, (d̄1) is the
total (mean) inadmissible accounting error.

The dual hypotheses for the above hypotheses are:

H ′0 : dA,U ≥ d1, H ′1 : dA,U ≤ d0 < d1

or
H ′0 : d̄A,U ≥ d̄1, H ′1 : d̄A,U ≤ d̄0 < d̄1

Now, let us consider the model approach defined in section 1.2. We assume that
the independent random variables are denoted by (Yk,Xk), k = 1, ...,N and E(Yk) =
µk(y),E(Xk) = µk(x), k = 1, ...,N. The expected values of the totals are E(YU ) =
E (∑k∈U Yk) and E(XU ) = E (∑k∈U Xk). Let δ = E(XU )−E(YU ) and δ̄ = E(X̄U )−
E(ȲU ). The following hypothesis will be considered:

H0 : δ ≤ d0, H1 : δ ≥ d1 > d0 (3.8)

or
H0 : δ̄ ≤ d̄0, H1 : δ̄ ≥ d̄1 > d̄0.

This hypothesis is similar to the hypothesis defined by (3.2). Let us note that it
is also possible to formulate hypotheses similar to the hypotheses defined before
expression (3.8). The same is true for the rejection regions.

3.2 Basic sampling designs and schemes

Let s be the set of sample elements. Hence, s = {ki : ki ∈U, i = 1, ...,n}. If the pop-
ulation elements are not replicated in s then s⊆U . This is the outcome of drawing
a sample s without replacement from the population U of size N ≥ n. If elements
are drawn with replacement from the population, the elements in the sample can be
replicated. Only samples of the fixed size n will be considered in this book.

The set of all possible samples of size n drawn without or with replacement from
the population U will be denoted by S and called the sample space (support). For
samples drawn without replacement, the set S consists of

(N
n

)
different samples.

The function P(s) on S, satisfying

P(s)≥ 0 for all s ∈ S and ∑
s∈S

P(s) = 1.

is called the sampling design.
Equivalently, the above probability P(s) can be replaced with P(S = s), where S

is a random set of indices drawn from the population and s is its outcome.
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The probability of selecting the fixed unit k in a sample s is called the first-
order inclusion probability and denoted by πk. It is determined by the following
expression:

πk = ∑s:k∈s P(s), k = 1, . . . ,N.

Similarly, the second order inclusion probability is as follows:

πk,l = ∑k,l∈s,k 6=l P(s), k 6= l, k = 1, . . . ,N, l = 1, . . . ,N.

In the case of samples of a fixed size:

∑
k∈U

πk = n, ∑
k,l∈s,k 6=l

πk,l = n(n−1).

More properties of different sampling designs can be found e.g. in the monograph
by Tillé (2006).

3.2.1 Simple random samples

Simple random sample drawn without replacement

The sampling design of a simple random sample drawn without replacement is as
follows:

P0(s) =
(

N
n

)−1

for all s ∈ S. (3.9)

The inclusion probabilities for the sampling design P0 are as follows:

πk =
n
N

πkl =
n(n−1)
N(N−1)

. The set of probabilities implementing the sampling design P0 is defined as de-
scribed hereafter. The probability of firsts electing fixed population element k1 in a
sample is as follows:

p(k1) = N−1 for k1 = 1, . . . ,N.

The conditional probability of selecting the fixed population element ki to a sam-
ple, provided that the elements ki−1, . . . ,k1 have been selected to the sample, is as
follows:

p(ki|ki−1, . . . ,k1) =
1

N−i+1 for i = 2, . . . ,n and ki = 1, . . . ,N.

Let us note that Rao T.V.H. (1962) proved that for any given design P(s) there
exists at least one sampling scheme that implements P(s).
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Simple random sample drawn with replacement

The sampling design of a simple random sample drawn with replacement of size n
is as follows (see. Tillé (2006), p. 54):

P1(s) =
n!

Nn ∏k∈U nk!
, where s ∈ S, 0≤ nk ≤ n,

N

∑
k=1

nk = n (3.10)

and nk is the number of the replication of the k-th population element in the sample s.
The inclusion probabilities are as follows:

πk = 1−
(

N−1
N

)n

, πk,l = 1−2
(

N−1
N

)n

+

(
N−2

N

)n

where k = 1, ...,N, l = 1, ...,N, k 6= l.

3.2.2 Simple systematic sample

Let N = nq where n is the sample size and q is the integer. The sampling space is
defined as the following sequence of possible samples: S = (se;e = 1, ...,q) where
se = (ie+( j−1)q; j = 1, ...,n). The simple systematic sampling design is as follows:

P2(s) =
1
q

f or s ∈ S.

The inclusion probabilities are given by:

πi =
1
q

f or i = 1, ...,N,

πi, j =

{
1
q f or i 6= j, i ∈ s, j ∈ s,

0 f or i 6= j, i 6∈ s, or j 6∈ s.

Sampling scheme: let u be the value of a random variable uniformly distributed on
the interval [0;1]. The population element (which is the first element of the sample
se, e = 1, ...,q) denoted by ie has to fulfil the following inequalities:

ie−1
q

< u≤ ie
q
.
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3.2.3 Stratified sampling

Let the population U be divided into non-empty and mutually disjoint subsets Uh,
h= 1, ..,H, called strata, so U =

⋃H
h=1 Uh. The size of the stratum Uh will be denoted

by Nh ≥ 1, h = 1, ...,H and N = ∑
H
h=1 Nh. Let wh = Nh/N. The stratified sample will

be denoted by s = (s1, ...,sH) where sh ⊆Uh for h = 1, ...,H. Let 0 < nh ≤ Nh be
the size of the sample sh, h = 1, ...,H. When the sampling designs of the samples
sh, h = 1, ...H are denoted by P3,h(sh), respectively, then the sampling design of the
stratified sample is as follows:

P3(s) =
H

∏
h=1

P3,h(sh) (3.11)

where

P3,h(sh) =

(
Nh

nh

)−1

, h = 1, ...,H.

P3(s) is called the simple stratified random sample. Its inclusion probabilities are as
follows: 

πk =
nh
Nh
, for k ∈Uh

πk,l =
nh
Nh

nt
Nt
, for k ∈Uh, l ∈Ut ,

πk,l =
nh(nh−1)
Nh(Nh−1) , for k, l ∈Uh

where k = 1, ..,N, l = 1, ...,N, l 6= k, h = 1, ...,H, t = 1, ...,H, h 6= t.
For simple random samples drawn with replacement we have:

P4(s) =
H

∏
h=1

P4,h(sh).

P4,h(sh) =
nh!

Nnh
h ∏k∈Uh

nh,k!
, where 0≤ nh,k ≤ nh,

Nh

∑
k=1

nh,k = nh.

3.3 Simple random sample mean

3.3.1 Basic definitions

Let Ts be the real function of data on y or x observed in the sample s drawn according
to the sampling design P(s). The sampling strategy is the pair (TS,P(s)) (see Cassel
at al. (1977)). In our case TS will be a test statistic. The basic parameters of the
strategy are:

E(TS,P(s)) = ∑
s∈S

tsP(s), V (TS,P(s)) = ∑
s∈S

(ts−E(TS,P(s)))2P(s).
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When TS is an estimator of a parameter θ ∈Θ , the following mean square error is
taken into account:

MSE(TS,P(s)) = ∑
s∈S

(ts−θ)2P(s) =V (TS,P(s))+b2(TS)

where b(TS) = E(TS,P(s))−θ is bias of estimator TS.
Let us consider testing the hypotheses on the population error amount defined by

expressions (3.2). The test statistic based on the unbiased estimator of the parameter
dU is denoted by:

dS = N(x̄U − ȳS), ȳS =
1
n ∑

k∈S
yk.

The statistic ȳS is the mean determined on the basis of the simple random sample
drawn without replacement. Its parameters are:

E(dS) = dU , V (dS) =
N(N−n)

n
v(y).

Hence, the statistic dS is the unbiased estimator of the population total dU . The
unbiased estimator of the variance is:

VS(dS) =
N(N−n)

n
vS(y), vS(y) =

1
n−1 ∑

k∈S
(yk− ȳS)

2. (3.12)

For the simple random sample drawn with replacement the statistic dS is the
unbiased estimator of dU but its variance is as follows:

V (dS) = N2 σ2(y)
n

. (3.13)

The unbiased estimator of the variance is obtained through replacing parameter
σ2(y) with vS(y).

The hypothesis defined by expression (3.2) can be tested by means of the follow-
ing equivalent statistics:

zS =
dS−dU√

VS(dS)
=

dS−dU√
VS(yS)

=
yU − yS√

VS(yS)
=

d̄S− d̄U√
VS(d̄S)

=
ȳU − ȳS√

VS(ȳS)
. (3.14)

where
d̄S =

dS

N
= x̄U − ȳS, VS(d̄S) =VS(ȳS) =

N−n
Nn

vS(y).

When we substitute the parameters d0, y0, d̄0, ȳ0 for dU , yU , d̄U , ȳU , respectively,
the random variable zS becomes the test statistic of the hypothesis formulated by
expressions (3.2) or (3.4).
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3.3.2 Asymptotic normality of test statistics

When we consider the statistical inference based on the randomization approach,
the exact distribution of the statistic zS is dependent on the population parameters d
or z (see Section 1.1). However, these can be observed only in the sample S. Hence,
the exact distribution of zS cannot be evaluated without additional assumptions. It is
only possible to consider the convergence of distribution to normal distribution.

For a simple random sample drawn with replacement and under the assumption
that n→ ∞ the probability distribution converges to standard normal distribution
(see e.g. Cramér (1946)). That conclusion is valid for statistical inference based on
random samples considered in some particular cases of the model approach.

In the case of sampling without replacement, the convergence problem is a little
more complicated and it was considered e.g. by Madow (1948), Erdös and Rényi
(1959) and Hajek (1960). The following additional condition should be considered
(see e.g. Cochran (1977) or Bellhouse (2001)). The data are observed in populations
U1, ...,Uk, ....,Ua with appropriately increasing sizes N1 < ... <Na. In the population
Uk, k = 1, ...,a variables yk,i, k = 1, ...,a and i = 1, ...,Nk can be observed. Let Sk be
the simple random sample of size na drawn from the population Uk, k = 1, ...,a and
n1 < ... < na. Finally, let Qa be the set of units in the a-th population that:

|yk,i− ȳa| ≥
√

na(1−na/Na)vSa(y).

Under the introduced notation Lindeberg’s condition is:

lim
a→∞

∑i∈Qa(yk,i− ȳa)
2

(Na−1)vSa(y)
= 0.

When the above condition is fulfilled, the statistic zS defined by expressions (3.14)
has asymptotically standard normal distribution. Hence, we can expect that when a
simple random sample of a large size is drawn without replacement from a large-
sized population without outlier data, then the probability distribution of zS can be
approximated by means of standard normal distribution.

3.3.3 Bootstrap approach

The well-known bootstrap procedure (see e.g. Efron (1979)) is used to approximate
the distribution of statistics by means of normal distribution. Firstly, let us consider
the simple random sample of fixed size n drawn with replacement, which we denote
by s = {k1, ...,kn}. Observations of the variable under study in the sample s will be
denoted by ys = [yk1 , ...,ykn ]. Let S j, j = 1, ...,B be an independent simple random
sample drawn with replacement from the set s. On the basis of the observation ys j

,
j = 1, ...,B the following statistics are determined:
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ȳS j =
1
n ∑

k∈S j

yk, j = 1, ...,B, ¯̄yS =
1
B

B

∑
j=1

ȳS j , vB,S(y) =
1

B−1

B

∑
j=1

(ȳS j − ¯̄yS)
2.

(3.15)
The distribution of the statistic defined by expression (3.14) can be approximated
by the distribution of the following statistic:

zB,S =
¯̄yS− ȳS

vB,S(y)
. (3.16)

In the case of a simple random sample drawn without replacement, Gross (1980)
and Chao and Lo (1985) consider the following procedure. Let us suppose that the
simple sample s = (k1, ...,ki, ...,kn) of size n is drawn without replacement. We as-
sume that N/n is the integer. Now, we construct an artificial population denoted by
U∗, which consists of the sample elements replicated N/n times. Hence, the popu-
lation U∗ is of size N. Next, the simple random samples, denoted by sJ , j = 1, ...,B,
are independently selected without replacement from the population U∗. Then, the
statistics defined by expression (3.15) are computed. Moreover, as with sampling
with replacement, the statistics defined by expression (3.16) can also be used to test
hypothesis (3.2).

Usually, in practice it is stated that the probability distributions of the statistics
defined by expression (3.16) are sufficiently well approximated by means of normal
distribution. Approximation deals with cases when statistics are evaluated on the
basis of the data observed in a simple random sample drawn without replacement as
well as a simple random sample drawn with replacement.

Let us note that the above results are valid in the case of a model approach infer-
ence based on a simple random sample. More about bootstrap tests can be found in
the monographs by Domański et al. (2014) or Hall (1992).

3.3.4 Series expansions

We continue to analyse the possibilities of approximating probability distributions
of test statistics. In moderate sizes of samples or populations it is possible to approx-
imate the probability distribution of a statistic using series expansion. Usually, the
well-known Edgeworth (1907) series is considered. In this case, the approximated
distribution of a considered statistic has to be asymptotically normally distributed.

The standardized central moments and absolute central moments of a one-
dimensional random variable Z are defined as follows:

λr(z) =
E(Z−E(Z))r

σ r(z)
, τr(z) =

E|Z−E(Z)|r

σ r(z)
, r = 1,2, ... r = 1,2, ...

where λ3(z) is the well-known skewness coefficient and λ4(z) is the kurtosis coeffi-
cient.
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The well-known Berry-Esséen inequality, following Krzyśko (2000), p. 255, is
as follows:

supz|Fs(z)−Φ(z)| ≤ ς
τ3(z)√

n

where 1√
π
≤ ς < 0.8, s is a simple random sample of size n, and Fs(z) and Φ(z) are

sample and standard normal distributions, respectively.
In order to simplify our considerations we will take into account the model

approach. This means that our sample will be treated as the classical simple ran-
dom sample from a population with the probability distribution function F(d,y) =
F1(d)F2(y) considered in Section 1.2 and under the assumption that p = 1. Accord-
ing to the model X = Y +D, where the values of X , Y and D are observations of
book, audited and error amounts, respectively. Under the assumption that Y and D
are independent the following expression can be derived:

λ4(x)σ4(x) = λ4(y)σ4(y)+6σ
2(y)σ2(d)+λ4(d)σ4(d).

The well-known moment inequality (see e.g. Fisz (1967), p. 88) leads to the follow-
ing:

τ
2
3 (z)≤ λ4(z).

The above results and the Berry-Esséen inequality lead to the following:

τ
2
3 (x)≤ λ4(x) = λ4(y)ζ 2 +6ζ (1−ζ )+λ4(d)(1−ζ )2,

where

ζ =
σ2(y)

σ2(y)+σ2(d)
∈ (0;1]

is called the reliability coefficient (see expression (1.7)).
We are going to consider the properties of the probability distributions of the

following statistics (see expression (3.14)):

zS(x) =
x̄U − x̄S√

vS(x)

√
n, zS(y) =

ȳU − ȳS√
vS(y)

√
n.

Based on the Berry-Esséen inequality we have:

supx|Fs(zs(x))−Φ(zs(x))| ≤ ς
τ3(x)√

n
≤ ς

√
λ4(x)

n
=

= ς

√
λ4(y)ζ 2 +6ζ (1−ζ )+λ4(d)(1−ζ )2

n
. (3.17)

When the reliability coefficient is close to one (which is equivalent to a very small
variance of error), then we have approximately λ4(x)≈ λ4(y) and
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supy|Fs(zs(y))−Φ(zs(y))| ≤ ς
τ3(y)√

n
≤ ς

√
λ4(y)

n
≈ ς

√
λ4(x)

n
. (3.18)

Hence, when ζ → 1, the right sides of the above two inequalities are close to each
other. Therefore, we can expect that the distribution of both statistics zS(x) and zS(y),
are approximately close to each other when the reliability coefficient is close to one.
Hence, the particular parameters of the distribution of the test statistic zS = zS(y),
defined by expression (3.14), can be approximated by the parameters of the statistic
zS(x), which are known in advance.

The asymptotic normality of the probability distribution of the above statistics
zS(x) and zS(y) can be proved similarly to how the normality of the statistics con-
sidered in section 3.3.2 can be proved.

Now we consider that observed sample s is drawn from a finite population of size
N. In this case, the Edgeworth expansion of the probability distribution of the test
statistic zS(y), given by expression (3.14), is defined by Babu and Singh (1985). It
is as follows:

P(zS(y)< z)=Φ(z)+
1

6
√

n
λ3(y)

(
3z2− N−2n

N−n
(z2−1)

)
φ(z)

√
N−n

n
+o(n−1/2)

(3.19)
where φ(z) is the density function of standard normal distribution.

The skewness coefficient λ3(x) can be decomposed as follows:

λ3(x) = λ3(y)ζ 3 +λ3(d)(1−ζ )3.

When the reliability coefficient ζ → 1, then λ3(x)→ λ3(y). Hence, when N, n and
N−n are sufficiently large, the probability given by (3.19) can be approximated by
the following:

P(zS(y)< z)≈ P(zS(x)< z) =

= Φ(z)+
1

6
√

n
λ3(x)

(
3z2− N−2n

N−n
(z2−1)

)
φ(z)

√
N−n

n
+o(n−1/2). (3.20)

According to the model assumption introduced in Chapter 1, the skewness co-
efficient λ3(x) is known in advance because it can be evaluated on the basis of all
observations of the book amount observed in a population, which are treated as aux-
iliary data. Hence, the above formula lets us evaluate the p-values of tests based on
the statistics defined by expression (3.17) under the assumption that the sample size
is sufficiently large.

Babu and Singh (1985) suggested that the bootstrap technique allows for approx-
imation using thr Edgeworth series expansion defined by expression (3.19). In order
to do this, the statistic zS(y) should be approximated by the bootstrap type statistic
defined by expressions (3.16) and the skewness coefficient λ3(y) should be replaced
by its estimator based on sample S. This leads to the following formula:
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P(zB,S(y)< z)≈Φ(z)+
1

6
√

n
λ3,S(y)

(
3z2− N−2n

N−n
(z2−1)

)
φ(z)

√
N−n

n
.

(3.21)
More properties of the above type of approximation are considered by Babu and
Singh (1984).

Finally, let us consider the Edgeworth series expansion for a studentized sample
mean from the well-known simple exponential distribution with the density function
f (y)= β exp{−βy} for y> 0 and f (y)= 0 for y≤ 0. Its expected value and variance
are: µ = E(Y ) = 1/β and V (Y ) = 1/β 2. Exponential distribution is frequently con-
sidered in financial auditing for modelling the book amount and the audited amount.
The test statistic can be formulated as follows (see expression (3.14)):

zS =
µ− ȳS√

vS(y)

√
n.

Hall (1992), pp. 70-71 and 116 derived the following series expansion:

P(zS < z) = Φ(z)+n−1/2q1(z)φ(z)+n−1q2φ(z)+ ... (3.22)

where{
q1(z) = 1

6 λ3(y)(z2 +1),
q2(z) = z

( 1
12 (λ4(y)−3)(z2−3)− 1

18 λ3(y)(z4 +2z2−3)− 1
4 (z

2 +3)
)

In the case of exponential distribution we have: λ3(y) = 2 and λ4(y) = 6. Therefore,
the above system of equations becomes as follows:{

q1(z) = 1
3 (z

2 +1),
q2(z) =− z

3

( 1
3 z4 + 2

3 z2 + 7
2

)
.

(3.23)

Hence, (3.22) and (3.23) let us approximate the p-value of the test defined by (3.2)
or (3.4). On the basis of (3.14), we can calculate the value zs of the test statistic:

zS =
dS−d0√

VS(yS)
=

ȳ0− ȳS√
VS(ȳS)

=
ȳ0− ȳS√

vS(y)

√
n.

Hence, the p-value is determined by the following expression:

p = 1−P(zS < zs|H0)

where the probability P(zS < zs|H0) is evaluated by means of the right side of equa-
tion (3.22) for z = zs.

More about the applications of series expansion for approximating the probabil-
ity distribution of the mean value can be found in the paper by Helmers (2000),
where the critical value of the test is evaluated using the Cornish-Fisher formula.
He also considers the bootstrap variants of series expansion.
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3.3.5 Evaluating necessary sample size to fit statistic distribution
with normal distribution

In section 3.3.2, on the basis of the central theorem, we concluded that with a suf-
ficiently large sample size the distribution of the statistics defined by expression
(3.14) are well-approximated by standard normal distribution. Our purpose now is
to assess that sample size.

Evaluating necessary sample size using the Berry-Esséen inequality

On the basis of expression (3.17) and (3.18), we concluded that under the assump-
tion that the reliability coefficient is close to one, the distributions of the statistics
zS(y) and zS(x) are approximately close to each other. Let ε be the assumed accu-
racy of approximation of the distribution of the statistic. Expression (3.18) lets us
write the following:

supy|Fs(zs(y))−Φ(zs(y))| ≤ ε ≈ ς

√
λ4(x)

n
. (3.24)

This leads to the following approximation of the necessary sample size:

nε ≈
0.64λ4(x)

ε2 . (3.25)

The derived approximation of the necessary sample size cannot be treated as accu-
rate, but it lets us at least assess an order of magnitude of the value nε .

Simulation evaluation of necessary sample size to test hypothesis on normality

As in the previous paragraph, we assume that the distributions of the statistics zS =
zS(y) and zS = zS(x) are very close to each other. The next procedure for assessing
the necessary sample size is to test the normality of statistics evaluated based on the
empirical distribution of the statistic zS(x). The proposed procedure is as follows.

Let s j, j = 1, ...,a be simple random samples (each of size nl) independently
drawn from a population where all book amounts are observed. Next, the following
values are calculated:

zs j(x) =
x̄s j − x̄
vs j(x)

√
nl , x̄s j =

1
nl

∑
k∈s j

xk, vs j(x) =
1

nl−1 ∑
k∈s j

(xk− x̄s j)

where j = 1, ...,a, nl > 2. The observed data {zs j(x)}, j = 1, ...,a lets us test the
hypothesis on the normality of the distribution of the statistic zS(x). More precisely,
we test the hypothesis that the distribution of zS(x) is the same as standard nor-
mal distribution. When the hypothesis on normality is not rejected then we treat the
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distribution of zS(x) as sufficiently close to standard normal distribution under the
sample size nl , l = 1, ... When the hypothesis is rejected then we increase the sam-
ple size to the level nl+1 = nl + c (where c ≥ 1 is the integer) and the hypothesis
on the normality of zS(x) is tested again. Of course the hypothesis is rejected under
the assumed significance level α and it is accepted under the power of the test de-
noted by β . As is well known, the test can reach the assumed levels α and β under
the appropriate number a of observations of zS(x). Hence, before testing normality
we should first determine the number a. This depends on the construction of the
considered test of goodness of fit.

It seems that the well-known chi-square test for goodness of fit will be convenient
in our case to test normality. Let ωg = P(zg−1 < Z ≤ zg) = Φ(zg)−Φ(zg−1) where
Φg = Φ(zg) = P(Z < zg), Z ∼ N(0;1), z0 = −∞, zG+1 = ∞ and g = 0,1, ...,G+1,
G ≥ 2. Let Φ0 = [Φ0,1...Φ0,G], Φ1 = [Φ1,1...Φ1,G] and ω0 = [ω0,1...ω0,G+1], ω1 =
[ω1,1...ω1,G+1].

Our hypotheses on normality are as follows:

H0 : Φ = Φ0, H1 : Φ = Φ1 6= Φ0. (3.26)

These are equivalent to the following:

H0 : ω = ω0, H1 : ω = ω1 6= ω0.

Hence, testing the hypothesis on normality is reduced to testing the hypothesis on
the vector of probabilities ω . We expect that the tails of the distribution of the test
statistic zS(x) and the appropriate tails of standard normal distribution are well fitted.
That is why, in practice, the vectors Φ and ω will be, for instance, constructed as
follows:

Φ
(1)
0 = [0.01 0.05 0.1 0.9 0.95 0.99],

ω
(1)
0 = [0.01 0.04 0.05 0.8 0.05 0.04 0.01],

ω
(1)
1 = [0.012 0.048 0.06 0.76 0.06 0.048 0.012],

ω
(2)
1 = [0.011 0.044 0.055 0.78 0.055 0.044 0.011],

or
Φ

(2)
0 = [0.01 0.05 0.1], ω

(2)
0 = [0.01 0.04 0.05 0.9],

ω
(3)
1 = [0.012 0.048 0.06 0.88], ω

(4)
1 = [0.011 0.044 0.055 0.89].

The chi-square test statistic is:

Ta = a
G+1

∑
g=1

(Wg−ωg)
2

ωg
(3.27)

where
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Wg =
Mg

a
, Mg =

a

∑
j=1

Ig, j, a =
G+1

∑
g=1

Mg,

if zg−1 < zs j(x)≤ zg then Ig, j = 1 and otherwise Ig, j = 0, j = 1, ...,a, g = 1, ...,G+
1. The vector M = [M1...Mg...MG+1] has multinomial probability distribution with
parameters ω and a. When the parameter a is large, the statistic Ta has chi-square
probability distribution with G degrees of freedom and the non-centrality parameter:

∆ω = a
G+1

∑
g=1

(ω1,g−ω0,g)
2

ω0,g
,

so Ta ∼ χ2
G(∆ω). When hypothesis H0 is true and the sample size is large, then

the statistic has central chi-square distribution with G degree of freedom, so Ta ∼
χ2

G. According to Cochran (1952), the statistic Ta is sufficiently well approxi-
mated by the chi-square distribution when the sample size fulfils the inequality:
ming=1,...,G+1{aωg} ≥ 5 = E0. Santner and Duffy (1989), p. 65, wrote: E0 = 1.
For instance, according to Cochran’s recommendation, when min{ω} = 0.01 then
a≥ 500.

The necessary sample size for testing the above hypotheses under the assumed
significance level and the power of the test is partially evaluated on the basis of
the algorithm proposed in Chapter 2.3.3, where the simulation technique is used to
assess the necessary sample size needed to test the hypotheses defined by (2.1) or
(2.2).

Let us assume that the above hypothesis will be tested using the statistic Ta under
the significance level α and the power β . Our purpose is to evaluate number aα,β

so that under the stated hypotheses H0 and H1 the test based on statistic Ta has a
significance level equal to α and a power equal to β .

Let each of the independently distributed random vectors Mh, h = 1, ...,A, have
multinomial distribution with parameters ω1 and al , l = 1, .... The generated value
of the variable Mh will be denoted by mh. Let tal ,h be the value of Tal ,h evaluated
on the basis of independently generated values mh, h = 1, ....A. The critical value of
the test based on the statistic Tal will be denoted by tα .

This leads to evaluating the set of values: S#l = {tal ,h,h = 1, ...,A}. The power of
the test is assessed according to the following expression:

bl =
1
A

A

∑
h=1

I(tal ,h),

where I(tal ,h) = 0, if tal ,h < tα or I(tal ,h) = 1, if tal ,h ≥ tα . When bl ≥ β then the
algorithm is stopped and the sample size aα,β = al is treated as sufficient for testing
the above hypothesis under the assumed significance level α and power β . In the
case when bl < β , we assume that nl+1 > nl and the algorithm is started again. The
presented algorithm is implemented by the program in Appendix 6.2.5.

The critical value of the test can be determined based on the limit distribution of
the chi-square test statistic or through simulation. In the former case, large number
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values of the test statistic are evaluated based on the independently replicated sam-
ples of fixed size n from multinomial distribution with the parameters ω0. That set
of values is ordered from the smallest to the largest. Finally, based on this sequence,
the value tα is determined as the 1−α sample quantile. The critical value deter-
mined in this way will be called the simulated critical value of the chi-square test of
goodness of fit.

Table 3.1 shows the necessary sample size evaluated by means of that program
on the basis of A = 100000 replications of the test statistic values.

Table 3.1: The number of sample sizes evaluated on the basis of the limit
distribution of the chi-square test statistic.

ω
(1)
0 ω

(1)
0 ω

(1)
0 ω

(1)
0 ω

(2)
0 ω

(2)
0 ω

(2)
0 ω

(2)
0

ω
(1)
1 ω

(1)
1 ω

(2)
1 ω

(2)
1 ω

(3)
1 ω

(3)
1 ω

(4)
1 ω

(4)
1

α β limit simulated limit simul. limit simul. limit simul.
0.1 0.9 1470 1410 5880 5860 2660 2750 10620 10760

0.05 0.95 2090 2110 8350 8390 3870 4040 15460 15760
0.01 0.99 3510 3630 14010 14120 6720 7050 26850 27270

0.005 0.995 4110 4230 16420 16650 7950 8450 31790 32080
0.001 0.999 5490 5720 21960 22080 10830 10040 43290 44090

∆ω/a : 0.01 0.01 0.0025 0.0025 0.0044 0.0044 0.0011 0.0011

An analysis of Table 3.1 lets us say that the necessary sample size increases when
the significance level of the chi-square test of goodness of fit decreases or its power
increases. The necessary sample size increases when the distance coefficient ∆ω

decreases. The sample sizes evaluated under the critical values determined on chi-
square distribution are very similar to the appropriate sample sizes determined under
the simulated critical value of the test.

The next iteration of the algorithm leads to the evaluation of the sample size
nnor, under which the sample distribution of the statistic zS(x) fits with standard
normal distribution in the sense of the hypotheses specified by expression (3.26). It
is as follows. Let nl be the sample size obtained during l-th iteration (l = 1,2, ...)
of the algorithm. The elements of the series (sl,t), t = 1, ...,aα,β are simple random
samples of size nl independently drawn without replacement from the population
U where values of the variable x are observed. On the basis of each sample the
values zsl,t (x), t = 1, ...,aα,β are calculated. Finally, the value tal of the chi-square
test statistic Tal is evaluated.

When P(Tal ≥ tal |H0) > α then we accept the hypothesis that the distribution
of statistic zSl (x) from the sample of size nl = nnor,α,β is sufficiently close to the
standard normal distribution. This decision can be wrong with probability (1−β ).
The algorithm is stopped.

If P(Tal ≥ tal |H0)≤ α then we reject the hypothesis that the distribution of statis-
tic zSl (x) from the sample of size nl is sufficiently close to the standard normal dis-
tribution. This decision can be wrong with probability α . In this situation we start
the (l +1)-th stage of the algorithm from assigning a new sample size nl+1 > nl .
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Example 3.1. Let us use the above algorithm to evaluate the necessary sample
size for testing the hypothesis on the normality of statistic zS(x) under an assumed
significance level and power of the chi-square test of goodness of fit. The sam-
ples were drawn from a population of size A = 100000, consisting of generated
pseudo-values from gamma distribution with a scale parameter equal to 1 and shape
parameter equal to 1. For instance, let us consider the following hypotheses:{

H0 : ω = [[0.01 0.04 0.05 0.8 0.05 0.04 0.01],
H1 : ω = [0.011 0.044 0.055 0.78 0.055 0.044 0.011].

The computer evaluation leads to the following results. Under α = 0.05 and β =
0.95 and a simple random sample drawn without replacement, the necessary sample
sizes were n0.05,0.95 = 8350, nnor,0.05,0.95 = 1040 or n0.1,0.9 = 5880 and nnor,0.1,0.9 =
930. In the case of sampling with replacement, the necessary sample sizes were
nnor,0.05,0.95 = 1060 and nnor,0.1,0.9 = 920. Hence, the necessary sample sizes for
sampling with or without replacement were similar.

The described algorithm can be implemented using some computer programs
written in the R programming language. These can be found in Appendix 6.2.5.
Finally, let us note that some other ideas of evaluating the necessary sample size are
considered by Lalu and Krishnan (1978) or Pekasiewicz (2010).

3.3.6 Evaluating necessary sample size to test hypotheses on the
total amount of error under assumed auditing risks

Evaluating necessary sample size under assumed risk of incorrect rejection
and risk of incorrect acceptance

Let us consider testing the following hypotheses:

H0 : dU ≤ d0, H1 : dU ≥ d1 > d0 ≥ 0, (3.28)

where d0 is the admissible level of the total book value and d1 is the inadmissible
level.

The formulated hypotheses can be tested by means of the following statistic (see
expression (3.14)):

zS =
dS−dU√

VS(yS)
(3.29)

where dS is the asymptotically unbiased estimator of dU and VS(dS) is the consistent
estimator of V (dS). We assume that zS is well approximated by means of normal dis-
tribution under the sufficiently large sample size n. Under the assumed significance
level α equal to the risk of incorrect rejection η we have:
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η = P
(

dS ≥ zη

√
VS(yS)+d0

∣∣∣∣H0

)
. (3.30)

It is equivalent to the following:

η = P(ZS ≥ zη |H0) (3.31)

The risk of incorrect acceptance is:

κ = P
(

dS ≤ zη

√
VS(yS)+d0

∣∣∣∣H1

)
. (3.32)

It can be transformed into the following form:

κ = P

(
zS =

dS−d1√
VS(yS)

≤ zη +
d0−d1√

VS(yS)

∣∣∣∣H1

)
,

Let us suppose that the statistic VS(yS) can be rewritten in the following way:

VS(yS) =
VS

n
, (3.33)

where VS > 0. Under assumed normality of ZS we have:

κ = φ

(
zη +

d0−d1√
VS(yS)

)
= φ

(
zη +

d0−d1√
VS

√
n
)
= φ(zκ). (3.34)

This leads to the conclusion that under the assumed risk of incorrect rejection η and
fixed vs, the risk of incorrect acceptance κ converges to zero, when n→ ∞.

Therefore, if zs≥ zη , then we reject hypothesis H0 with the probability of a wrong
decision equal to η . If zs < zη , we accept hypothesis H0 with risk equal to κ .

Expression (3.34) leads to the following:

zκ = zη +
d0−d1√

VS(yS)
. (3.35)

In the case of a simple random sample drawn without replacement, VS(dS) =
N−n
Nn v∗S(y). Hence, the above expression lets us evaluate the following:

n≥ nη ,κ =

(
1
N
+

(d0−d1)
2

(zκ − zη)2N2v∗s(y)

)−1

≈
N2v∗s(y)(zκ − zη)

2

(d0−d1)2 = na, (3.36)

where φ(zκ) = κ , φ(zη) = 1−η and vs is assessed e.g. on the basis of a pilot sample
or some previous survey. Therefore, a sample size not less than nη ,κ leads to testing
the hypotheses defined by (3.28) with the risk of incorrect rejection equal to η and
risk of the incorrect acceptance equal to κ .
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Now let us assume that the sample is drawn using the stratified sampling design
under proportionally determined sizes of sub-samples (to the size of the strata) se-
lected from the strata. Similarly, as above, we can derive the following necessary
sample size:

n≥ nη ,κ =

(
1
N
+

(e0− e1)
2

(zκ − zη)2N2v∗prop(y)

)−1

≈

≈
(

zκ − zη

e0− e1

)2

N2v∗prop(y) = nap, (3.37)

where (see section 3.2.3):

v∗prop(y) =
H

∑
h=1

whv∗sh(y), nη ,κ < nap.

In practice, the variance v∗sh can be evaluated on the basis of a pilot or some previous
survey.

The results of this sub-section can be generalized into the following hypotheses:

H0 : |xU − yU |= |dU | ≤ d0, H1 : |dU | ≥ d1 > d0,

where d0 is the admissible level of difference between total book values and the true
total, and the inadmissible level is denoted by d1. The stated problem is considered
e.g. by Wywiał (2014a).

Testing hypotheses about total amount under assumed risk of incorrect
rejection

In practice parameter d1 in (3.28) does not have to be specified. In this situation,
those hypotheses can be reduced to the following:

H0 : dU ≤ d0, H1 : dU > d0, (3.38)

where the admissible level of total book value d0 > 0. In this situation, it is not
possible to control the risk of incorrect acceptance κ . Now it is only possible to
make a decision regarding the rejection of hypothesis H0 under the risk of incorrect
rejection η = α . On the basis of expression (3.29) the value of the test statistic zS
is evaluated. The critical value of the test is defined by expression (3.31). Hence, if
zs ≥ zη , then hypothesis H0 is rejected with risk of incorrect rejection equal to η .
When zs < zη , hypothesis H0 cannot be rejected but it cannot be accepted either,
because the risk κ cannot be assessed.
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Testing hypotheses about total amount under assumed risk of incorrect
acceptance

In order to control the risk of incorrect acceptance the following hypotheses (in
some sense dual to those defined in (3.38)) can be specified:

H ′0 : dU ≥ d1, H ′1 : dU < d1 (3.39)

where the inadmissible level of total book value d1 > 0. Now the rejection of hy-
pothesis H ′0 by a test means accepting the accounting report as correct with risk
equal to κ . If the test does not reject hypothesis H ′0, this does not mean that the ac-
counting report is wrong, because it is not possible to assess the risk of its incorrect
rejection η = 1−β . Hence, in this case, the assumed risk of incorrect acceptance is
κ = α , where α is the significance level of the test. The critical value zκ of the test
is determined by the equation:

κ = P(zS ≤ zκ |H ′0).

Similarly, on the basis of expression (3.29) we can evaluate the value zs of the test
statistic. Therefore, if zs≤ zκ , then hypothesis H ′0 is rejected under significance level
α = κ . This means, for example, that the accounting report is accepted with the risk
of incorrect acceptance equal to κ = α . When zs > zκ , hypothesis H ′0 is not rejected.
This only means that the accounting report could be incorrect. In this case we cannot
decide that the report is wrong because the risk η cannot be assessed.

The idea can be used e.g. for the problem of auditing tax revenues. In this case,
d1 can be treated as the inadmissible total of unpaid taxes.

3.4 Ratio and regression statistics

In auditing, book amounts and audited amounts are usually highly correlated. That
is why regression and ratio estimators are useful in auditing research. In this case,
the parameters of these estimators take a specific form. Our considerations are based
on the assumption that X = Y +D (see subsection 1.2). The simple random sample
is from the distribution of the random variables [X ,Y ].

The ratio estimator of the mean audited amount is as follows:

ȳI,S =
ȳS

x̄S
x̄U . (3.40)

It is the asymptotically unbiased estimator of ȳ and its variance under a simple ran-
dom sample drawn without replacement is given by (see, e.g. Cochran (1977) or
Konijn (1973)):
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V (ȳI,S) =
1
n

σ
2(y)

(
1+
(

γ(x)
γ(y)

)2

−2
γ(x)
γ(y)

ρ(x,y)

)
+O(n−3/2), (3.41)

where γ(x) = σ(x)/x̄U , γ(y) = σ(y)/ȳU , O(n−r) = c
nr , r > 0 and c is constance. The

bias of ȳI,S equals:

bI = E(ȳI,S)− ȳ =
1
n

σ(y)γ(x)
(

γ(x)
γ(y)
−ρ(x,y)

)
+O(n−2).

When ρ(x,y)> 0, then:
|bI |√

V (ȳI,S)
≤ γ(x).

The unbiased estimator of V (yI,S) is as follows:

VS(ȳI,S) =
1

n(n−1)

N

∑
k∈S

(yk−hSxk)
2, hS =

ȳS

x̄S
. (3.42)

When the random variables Y and D are not correlated and X = Y +D, then
expression (3.41) simplifies to:

V (ȳI,S) =
1
n

σ
2(y)

(
1+h2

(
1+

σ2(d)
σ2(y)

)
−2h

)
+O(n−3/2),

where h = ȳ
x̄ . The relative efficiency coefficient is:

de f f (ȳI,S) =
V (ȳI,S)

V (ȳS)
= 1+h2

(
1+

σ2(d)
σ2(y)

)
−2h,

de f f (ȳI,S) < 1, if h/2 < ρ2(x,y) = σ2(y)
σ2(y)+σ2(d) . Hence, the ratio estimator is more

precise than the simple random sample when the squared reliability coefficient is
greater than ȳ

2x̄ . Particularly, de f f (ȳI,S)< 1, when when h = 1 and σ2(y)> σ2(d).
The well-known regression estimator of population mean x̄ is as follows:

ȳreg,S = ȳS−b(x̄S− x̄),

where

b = ρ(x,y)
σ(y)
σ(x)

=
σ(x,y)
σ2(x)

.

The variance is:

V (ȳreg,S) =
σ2(y)

n

(
1−ρ

2(x,y)
)
.

The relative efficiency is:
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de f (ȳreg,S/ȳS) =
V (ȳreg,S)

V (ȳS)
= 1−ρ

2(x,y).

When the random variables Y and D are not correlated and X =Y +D then the above
expression defining the slope coefficient b reduces to Gilford’s reliability coefficient
(see Chapter 1):

b = ρ
2(x,y) = ζ =

σ2(y)
σ2(y)+σ2(d)

.

Usually, the value of the coefficient is not known. That is why the following version
of the regression estimator is considered in practice:

ŷreg,S = ȳS−bS(x̄S− xU ) (3.43)

where

bS =
vS(x,y)
vS(x)

. (3.44)

The statistic ŷreg,S is the asymptotically unbiased estimator of ȳ. The variance of
ŷreg,S is estimated by means of the statistic:

VS(ŷreg,S) =
1
n

vS(y)
(
1−ρ

2
S (x,y)

)
, (3.45)

where

ρS(x,y) =
vS(x,y)√
vS(x)vS(y)

.

The bias of the regression estimator ŷreg,S is approximately given by (see. Wywiał(1992,
2003)):

bias(ŷreg,S) =
σ(y)

√
λ4(x)−1
n

(θ2,1−θ3(x)ρ(x,y))

where:

θ2,1(x,y) =
σ2,1(x,y)

σ(y)
√

σ4(x)−σ4(x)
, θ3(x) =

σ3(x)

σ(x)
√

σ4(x)−σ4(x)
,

λ4(x) =
σ4(x)
σ4(x)

, σa,b(x,y) = E(X−E(X))a(Y −E(Y ))b, σa(x) = σa,0(x,y),

σa(x) = σa,0(x,y), σ(x) =
√

σ2(x).

Moreover, θ2,1(x,y) ∈ [−1;1] and θ3(x) ∈ [−1;1] is the normalized skewness coef-
ficient (see Wywiał, (1981, 1982)).

When the random variables Y and D are not correlated and X = Y + D then
the above expression defining the slope coefficient b can be estimated by means of
(3.44) or by:

ζS =
vS(y)

vS(y)+ vS(d)
. (3.46)
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Moreover, in this case, the variance of the regression estimator can be estimated as
follows:

VS(ŷreg,S) =
1
n

vS(y)(1−ζS) . (3.47)

Expressions (3.40), (3.42) and (3.43) and (3.45)-(3.47) let us construct the fol-
lowing test statistics:

ZI,S =
dI,S−d√
VS(dI,S)

, Zreg,S =
dreg,S−d√
VS(dreg,S)

(3.48)

where dI,S = xU−NȳI,S, VS(dI,S) =N2VS(ȳI,S) and dreg,S = xU−Nȳreg,S, VS(dreg,S) =
N2VS(ȳreg,S). Hence, the two above statistics can be used to test the hypotheses for-
mulated by (3.1).

The variances V (ȳreg,S) and V (ȳI,S) can also be estimated by means of the boot-
strap method. Finally, let us note that it is possible to generalize the obtained re-
sults into a case where the sample is selected by means of more complex sampling
schemes than simple random sampling using the design-based approach.

3.5 Mean from stratified random sample

3.5.1 Basic properties

The stratified sampling design was presented in section 3.2.3. The estimator of the
total value of the population yU is:

yw,S = Nȳw,S, (3.49)

where

ȳw,S =
H

∑
h=1

whȳSh , ȳSh =
1
nh

∑
k∈Sh

yk. (3.50)

The estimator of dU is as follows:

dw,S = xU − yw,S. (3.51)

The statistics dw,S and yw,S are the unbiased estimators of the parameters dU and yU ,
respectively.

For simple random samples drawn without replacement from the strata the vari-
ance of yw,S is as follows:

V (yw,S,P3(s)) = N2V (ȳw,S,P3(s)) =
H

∑
h=1

Nh(Nh−nh)

nh
v∗Uh(y), (3.52)

where sampling design P3(s) is defined in Subsection 3.2.3 and
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v∗Uh(y) =
1

Nh−1 ∑
k∈Uh

(yk− ȳUh)
2, ȳUh =

1
Nh−1 ∑

k∈Uh

yk.

For sampling with replacement the variance is as follows:

V (yw,S,P4(s)) = N2V (ȳw,S,P4(s)) =
H

∑
h=1

N2
h

v∗Uh(y)
nh

, (3.53)

where P4(s) is explained in Subsection 3.2.3 and

v∗Uh(y) =
1

Nh−1 ∑
k∈Uh

(yk− ȳUh)
2, ȳUh =

1
Nh−1 ∑

k∈Uh

yk.

In the case of sampling without replacement, the unbiased estimator of the variances
V (yw,S,P3(s)) is:

VS(yw,S,P3(s)) =VS(dw,S,P3(s)) =
H

∑
h=1

Nh(Nh−nh)

nh
v∗Sh(y), (3.54)

where
vSh(y) =

1
nh−1 ∑

k∈Sh

(yk− ȳSh)
2.

In sampling with replacement, the unbiased estimator of the variance V (yw,S,P4(S))
is:

VS(yw,S,P4(s)) =VS(dw,S,P4(s)) =
H

∑
h=1

N2
h

nh
vSh(y). (3.55)

Usually, the sample sizes are evaluated proportionally to the size of the strata
according to the expression:

nh = nwh = n
Nh

N
h = 1, ...,H. (3.56)

In this case and for sampling without replacement, the variance and its unbiased
estimator take the following forms:{

V (yw,S,P3(s)) =V (dw,S,P3(s)) =
N(N−n)

n ∑
H
h=1 whv∗Uh(y),

VS(yw,S,P3(s)) =
N(N−n)

n ∑
H
h=1 whv∗Sh(y).

(3.57)

In the case of sampling with replacement, we have:{
V (yw,S,P4(s)) =V (dw,S,P4(s)) = N

n ∑
H
h=1 whv∗Uh(y),

VS(yw,S,P4(s)) =VS(dw,S,P4(s)) = N
n ∑

H
h=1 whv∗Sh(y).

(3.58)

In the case of sampling with replacement the well-known Neyman (1934) allocation
of sample sizes in the strata is as follows (see also Tschuprow (1923)):
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nh = n
wh
√

v∗Uh(y)

∑
H
i=1 wi

√
v∗Uh(y)

, h = 1, ...,H, (3.59)

where n is the postulated sample size of the stratified sample. In this case the vari-
ance takes the following minimal value:

V (yw,S,P4(s)) =
N2

n

(
H

∑
h=1

wh

√
v∗Uh(y)

)2

. (3.60)

Moreover, the following methods of sample allocation are popular. Allocation pro-
portionate to stratum aggregates is defined as follows:

nh = n
whȳUh

∑
H
i=1 wiȳUi

= n
yUh

yU
, h = 1, ...,H. (3.61)

When the variable under study is binary, expressions (3.59) and (3.61) reduce to
the following, respectively:

nh = n
wh ph(1− ph)

∑
H
i=1 wi pi(1− pi)

, h = 1, ...,H,

nh = n
wh ph

∑
H
i=1 wi pi

= n
mUh

mU
, h = 1, ...,H.

Moreover, when ph is close to zero then the last expression approximates the previ-
ous one.

Equal allocation is defined as follows:

nh =
n
H
, h = 1, ...,H. (3.62)

Let us note that the literature regarding survey sampling provides other methods
of optimally evaluating sample sizes (see e.g. Cochran (1977), Wywiał (1992, 2003,
2013a)).

3.5.2 Stratification

The above analysis leads to the obvious conclusion that the efficiency of infer-
ence also depends on the stratification of the population. Reasonable methods of
stratification were considered by e.g. Bühler and Deutler (1975), Cochran (1977),
Dalenius (1950, 1957, 1959), Kish (1965), Kozak (2004, 2004a, 2011), Lavallée
and Hidiroglou (1988), Lednicki and Wieczorkowski (2003), Niemiro (1999) and
Wywiał (2003). A larger review of statistical literature about stratification is shown
by Gamrot (2014) or Khan et al. (2008). In the case of auditing problems, book
values treated as auxiliary variable observations are usually highly correlated with



52 3 Substantive tests based on basic random samples

audited values treated as observations of the variable under study. Therefore, the op-
timal stratification of the population based on auxiliary variables should be approx-
imately equivalent to the optimal stratification based on the variable under study.

11111111111111111111111111111111111111111
Let us assume that the data (xk,yk), k = 1, ...,N are values of a two-dimensional

continuous random variable with the marginal density functions f1(x) and f2(y).
Moreover, let the correlation coefficient ρ(x,y) be close to the value 1 and the inter-
val I = [a;b] be support for the densities f1(x) and f2(y). The length of the interval
is denoted by ∆ = b−a. The support is divided into the intervals Ih = [y(h−1);y(h)),
h = 1, ...,H + 1 so that I =

⋃H+1
h=1 Ih and y(0) = a, y(H+1) = b. The length of Ih is

denoted by ∆h, so ∆ = ∑
H+1
h=1 ∆h. Let F(y) =

∫ y
−∞

f (t)dt and

µh =
1

F(yh+1)−F(yh)

∫ yh+1

yh

y f (y)dy,

σ
2
h =

1
F(yh+1)−F(yh)

∫ yh+1

yh

(y−µh)
2 f (y)dy.

Dalenius (1950) shows that the solution y(1), ...,y(h), ...,y(H) of the following
equality system

σ2
y,h +(yh−µy,h)

2

σy,h
=

σ2
y,h+1 +(yh+1−µy,h+1)

2

σy,h+1
, h = 1, ...,H−1 (3.63)

leads to minimisation of the stratified sample mean variance under the Neyman
allocation (see expressions (3.59) and (3.60)).

Let the variable under study and the auxiliary variable be highly correlated and

Y = a1X +a0 + ε. (3.64)

Delenius (1957) shows that in this case, equation system (3.63) can be rewritten as
follows:

a2
1(σ

2
x,h +(xh−µx,h)

2)+2σ2
ε,h

a1σx,h

√
1+σ2

ε,h/a2
1σ2

x,h

=
a2

1(σ
2
x,h+1 +(xh+1−µx,h+1)

2)+2σ2
ε,h+1

a1σx,h+1

√
1+σ2

ε,h+1/a2
1σ2

x,h+1

,

for h= 1, ...,H−1. When σ2
ε,h/a2

1σ2
x,h is close to zero then the above system reduces

to the following (see Cochran (1977), p. 131):

σ2
x,h +(xh−µx,h)

2

σx,h
=

σ2
x,h+1 +(xh+1−µx,h+1)

2

σx,h+1
, h = 1, ...,H−1. (3.65)

Hence, the solution of the above equation system dependent on the parameters of
the auxiliary variable (book values) can approximate the solution of equation (3.63).

In the case of proportional allocation given by (3.56), the solution of the equation
system:
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yh =
ȳh + ȳ(h+1)

2
, h = 1, ...,H−1

leads to the minimization of (3.57) (see Hess, Sethi and Balakrishnan (1966)).
When the sample sizes are equal (see equation (3.62)), then the stratification

points (y(1), ...,y(h), ...,y(H)) are the solution of the following equation system:

wh(σ
2
y,h +(yh−µy,h)

2) = wh+1(σ
2
y,h+1 +(yh+1−µy,h+1)

2), h = 1, ...,H−1

The solution of the above system minimizes the variance of the stratified sample size
when the sample sizes drawn from the strata are equal to n

H (see Cochran (1961) and
Sethi (1963)).

When allocation is proportional to stratum aggregates (see expression (3.61)),
the stratification points satisfy the following equation system:

µy,h(yh−µy,h)
2−σ2

y,h(yh−µy,h)

µ2
y,h

=
µy,h+1(yh+1−µy,h+1)

2−σ2
y,h+1(yh+1−µy,h+1)

µ2
y,h+1

where h = 1, ...,H−1.
The solutions of the above equation systems are only approximated. Dalenius and

Hodges (1959) consider the solution of the equation system given by the expression
(3.63) when the density f (y) is exponential or normal. Moreover, they proposed the
rule of determining the strata boundaries based on

√
f (y). The iteration solutions of

that system are considered e.g. by Cochran (1961), Hess et al. (1966), Mahalanobis
(1952), Serfling (1968) and Sethi (1963).

3.5.3 Approximation of test statistic distribution

The hypotheses defined in subsection 3.1 can be tested on the basis of the following
statistic:

zw,S =
dw,S−dU√

VS(dw,S)
(3.66)

where dw,S = xU − yw,S. Based on the appropriate central limit theorems and under
some additional general conditions (see Fuller (2009)), we can infer that if h =
1, ...,H nh→ ∞, Nh→ ∞, Nh−nh→ ∞, then zw,S→ Z ∼ N(0,1).

zw,S =
dw,S−dU√

VS(dw,S)
→ Z ∼ N(0,1).

In the case of sampling with replacement, the above property results from the
central limit theorem and the well known theorem of Sludzki (see e.g. Cramér
(1946)).

Now let us adapt the method of evaluating sample size that was considered in the
subsection 3.3.5, which is necessary to approximate the distribution of the statistic
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by normal distribution. The marginal density f1(x) can be written as the following
mixture of truncated densities:

f1(x) =
H

∑
h=1

wh f1,h(x)

where

f1,h(x) =

{
f1(x)
wh

f or x ∈ (xh;xh+1],

0 f or x /∈ (xh;xh+1]

wh = F(xh+1)−F(xh), F(x) =
∫ x

−∞

f1(t)dt h = 0, ...,H−1,

x0 =−∞, xH+1 = ∞.

From a practical point of view we can assume that x0 = 0 and that xH+1 = m is a
fixed value.

When the number of strata is large, the densities f1,h(x) can be approximated by
the uniform distribution (see e.g. Dalenius and Hodges (1959)):

g1,h(x) =

{
1

∆h
f or x ∈ (xh;xh+1],

0 f or x /∈ (xh;xh+1]

where
∆h = xh+1− xh, h = 0, ...,H +1.

Let us assume that the simple sample S∗h of size nh is drawn with replacement from
the uniform distribution on the interval (xh;xh+1], h = 1, ...,H. The moments of the
uniform distribution are as follows:

µh =
xh + xh+1

2
, σ

2
h (x) =

∆ 2
h

12
, σ3,h(x) = 0, σ4,h(x) =

∆ 4
h

80
, τ3,h(x) =

∆ 3
h

32

where σr,h(x) is the central moment of order r (particularly σ2,h(x) = σ2
h (x)) and

τ3,h(x) is the absolute central moment of order r.
Let S = (S1, ...,Sh, ...,SH) where Sh = [Yh,1, ...,Yh,nh ] is the sample from the uni-

form distribution determined by the density g1,h(x) treated as a model of the h-th
stratum, h = 1, ...,H. In this case the stratified sample mean is written as follows:

Ȳw,S =
H

∑
h=1

whȲSh , ȲSh =
1
nh

∑
k∈Sh

Yk

The central moments of the mean from the stratified sample Ȳw,S (see Appendix
6.1.2) are: 

σ2(Ȳw,S) =
1
12 ∑

H
h=1 w2

h
∆ 2

h
nh
,

σ3(Ȳw,S) = 0,

σ4(Ȳw,S)−3σ2
h (Ȳw,S) =− 1

120 ∑
H
h=1 w4

h
∆ 2

h
nh

(3.67)
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Particularly, if nh = nwh for all h = 1, ...,H, then

σ
2(Ȳw,S) =

1
12n

H

∑
h=1

wh∆
2
h .

If nh = n wh∆h
∑

H
i=1 wh∆i

for all h = 1, ...,H, then

σ
2(Ȳw,S) =

1
12n

(
H

∑
h=1

wh∆h

)2

.

In Appendix 6.1.2 we derived the following:

τ3(Ȳw,S)≤
3
√

3
4

∑
H
h=1

w3
h∆ 3

h
n2

h(
∑

H
h=1

w2
h∆ 2

h
nh

)3/2 . (3.68)

Particularly, if nh = m for all h = 1, ...,H,

τ3(Ȳw,S)≤
3
√

3
4
√

m
∑

H
h=1 w3

h∆ 3
h(

∑
H
h=1 w2

h∆ 2
h

)3/2 .

When ∆h = ∆ for all h = 1, ...,H,

τ3(Ȳw,S)≤
√

123

32

∑
H
h=1

w3
h

n2
h(

∑
H
h=1

w2
h

nh

)3/2 .

If nh = nwh for all h = 1, ...,H, then

τ3(Ȳw,S)≤
3
√

3
4
√

n
∑

H
h=1 wh∆ 3

h(
∑

H
h=1 wh∆ 2

h

)3/2 .

If nh = n wh∆h
∑

H
i=1 wh∆i

for all h = 1, ...,H,then

τ3(Ȳw,S)≤
3
√

3
4
√

n
. (3.69)

The above inequality is also true when nh = nwh and ∆h = ∆ or if wh = 1/H and
nh = n ∆h

∑
H
i=1 ∆i

= n
b−a ∆h for all h = 1, ...,H, where [a;b] is the support of the density

f2(y).
Based on the results we can approximate the distribution of the stratified sample

mean in a similar way to sections 3.3.4 and 3.3.5.





Chapter 4
Substantive tests based on complex sampling
designs

4.1 Monetary sampling designs

An important class of sampling designs and sampling schemes are dependent on
auxiliary variables. They can lead to significant improvement in the quality of sta-
tistical inference on the population parameters of design variables under study. In
auditing accounting amounts observed in all elements of the population are treated
as values of an auxiliary variable.

The monetary sampling design is characterised by first-order inclusion probabili-
ties proportional to appropriate book values (see Stringer (1963), Leslie et al. (1979),
Särndal at all (1992), Fienberg et al. (1997)). In practice the inclusion probabili-
ties are usually approximately proportional to the book values (see e.g. Statistical
models... (1989)). It seems that the more important problem than the proportion-
ality property is constructing efficient methods of testing hypotheses. Here, sam-
pling designs with inclusion probabilities defined as non-decreasing functions of an
auxiliary variable are treated as approximations of the monetary sampling design.
Reviews of such sampling designs can be found e.g. in the monographs by Brewer
and Hanif (1983), Chaudhuri and Stenger (2005), Chaudhuri and Vos (1988), Tillé
(2006) and the International Encyclopedia of Statistical Science (2011).

In practice we can meet situation when audit costs are, in some sense, propor-
tional to complexity of accounting units. Hence, sampling schemes with inclusion
probabilities dependent on costs of the units observations can be considered. Such
kind of sampling schemes are considered under constrained total cost of the unit
observation (see e.g. Pathak (1976) and Gamrot (2014)).

57
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4.1.1 Lahiri - Midzuno- Sen’s sampling design proportional to
sample mean

In the previous sections, accounting amounts were denoted by x1, ...,xN . Let us as-
sume that all these values are positive. The sample and population means of the
auxiliary variable are denoted by xs =

1
n ∑k∈s xk and x = 1

N ∑
N
k=1 xk, respectively.

The size n of a sample is the effective sample size. The sampling design of a sample
s proportional to the sample mean of the auxiliary variable is as follows (see Lahiri
(1951), Midzuno (1952) and Sen (1953)):

P5(s) =
1(N
n

) xS

x
(4.1)

The first and second order probabilities are as follows (see e.g. Rao (1977) or
Wywiał (1992)):

πk =
N−n

(N−1)N
xk− x

x
+

n
N
,

n−1
N−1

< πk <
n
N
,

πk,t =
n(n−1)
N(N−1)

+
n−1
N−2

(
πk +πt −

2n
N

)
,

n(n−1)
N(N−1)

< πk,t <
n2

N2

where k 6= t = 1, . . . ,N.
The sampling scheme implementing the sampling design is as follows. Let pk =

xk
xU

, k = 1, ...,N. The first element is drawn from the population into the sample with
probability pk, k = 1, ...,N. The next n−1 elements of the sample are drawn without
replacement from the remaining N−1 of the population as the simple sample of size
n−1.

The ordinary ratio estimator considered in subsection 3.4 is the unbiased estima-
tor of the population mean. Wywiał (1992, 1995, 2003) considered more properties
of the sampling design defined above. Finally, let us note that in the considered case
the first-order inclusion probabilities are not exactly proportional to the appropriate
values of the auxiliary variables.

4.1.2 Inclusion probabilities proportional to book values

The first-order inclusion probabilities proportional to the values of accounting
amounts are defined in the following way:

πk =
nxk

∑i∈U xi
= n

xk

xU
, k = 1, ...,N. (4.2)

We have to underline that sometimes it is possible that πh > 1 for some h ∈U . In
this situation, the following procedure is proposed (see e.g. Tillé (2006) or Ardilly
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and Tillé (2006)). According to the above expression we evaluate the quantities π
(0)
k ,

k = 1, ...,N. Next we determine the maximal value:

π
(0)
h = maximumk∈U {π

(0)
k },

If π
(0)
h ≤ 1, then πk = π

(0)
k , for k = 1, ...,N. However, when π

(0)
h > 1, we assume

that πh = 1, and we evaluate the following:

π
(1)
k =

(n−1)xk

∑
N
i=1 xi− xh

, k = 1, ...,N; k 6= h.

Next, we determine the index g in such a way that

π
(1)
g = maximumk∈{U−h}{π

(1)
k }

If π
(1)
g ≤ 1, then we state πh = 1, πk = π

(1)
k for k = 1, ...,N, and k 6= h. This

completes the algorithm. In the opposite case when π
(1)
g > 1, we state that πh = 1,

πg = 1, and we follow the above procedure once again.
Generalizing the outlined algorithm let us suppose that in the e-stage (e =

0,1, ...,r < n) of the procedure, πku = 1 (u = 1, ...,e) where

π
(e)
k =

(n− e)xk

∑
N
i=1 xi−∑

e
h=1 xkh

, k ∈U−{k1, ...,ke} (4.3)

and {k0}=∅. Next, we determine the index ke+1 in such a way that

π
(e)
ke+1

= maximumk∈{U−{k1 ,...,ke}}
{π(e)

k }.

If π
(e)
ke+1
≤ 1 we state that πki = 1 for i = 1, ...,e and πk = π

(e)
ki

for k ∈ {U −
{k1, ...,ke}}. The algorithm is completed.

In the opposite case, when π
(e)
ke+1

> 1 it is stated that πke+1 = 1 and

π
(e+1)
k =

(n− e−1)xk

∑
N
i=1 xi−∑

e+1
h=1 xkh

, k ∈ {U−{k1, ...,ke+1}}. (4.4)

The algorithm is then continued.
The R - code of the program that implements the above procedure is presented in

Appendix 6.2.6.
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4.1.3 Inclusion probabilities determined by the distribution of the
order statistic of an auxiliary variable

Let us consider a simple random sampling with replacement design with unequal
probabilities of drawing population elements. The probability of selecting the k-th
population element in each draw be denoted by pk = f (xk). Usually, those probabil-
ities are determined as follows:

f (xk) =
xk

∑i∈U xi
, k ∈U.

Let Xi, i= 1, ....,n be a random variable whose values are the observations of an aux-
iliary variable in the i-th draw. So, its probability function is: P(Xi = xk) = f (xk) =
pk for i = 1, ...,n and k = 1, ...,N. Hence, the random variables X1, X2,....,Xi,...,Xn
are independent and have the same probability function as defined by P(X = xk) =
f (xk), k = 1, ...,N. Therefore, the sequence ((Xi), i = 1, ...,n) can be treated as data
observed in the sample drawn with replacement from the population U with unequal
probabilities f (xk), k = 1, ...,N.

Let the sample ((Xi), i = 1, ...,n), ordered by the values of Xi, be denoted
by ((Xr:n),r = 1, ...n), where Xr:n is the r-th order statistic (so, Xr:n ≤ Xr+1:n,
r = 1, ...,n− 1). The distribution function of the r-th order statistic is as follows
(see Arnold, Balakrishnan and Nagaraja (2008), p. 42):

P(Xr:n = xk) =
r−1

∑
i=0

n−r

∑
j=0

n!(F(xk−1))
r−1−i(1−F(xk))

n−r− j( f (xk))
i+ j+1

(r−1− i)!(n− r− j)!(i+ j+1)!

where F(xk) is the distribution function:

F(xk) = P(Xi < xk) = ∑
{xi: xi<xk; i∈U}

pi.

Wywiał (2012a) proposed to select a k-th k = 1, ...,N population element with re-
placement to the sample s of size n in a single draw with the probability pk(r : n) =
P(Xr:n = xk). Hence, the sampling design is as follows:

P6,r(s) = ∏
k∈s

pk(r : n).

The described sampling design prefers selection (with replacement) of the pop-
ulation elements close to the mode of the distribution of order statistic Xr:n. Hence,
for instance, the sampling design P6,1(s) (P6,n(s)) prefers drawing small (large) val-
ues of the auxiliary variable. The efficiency of estimation based on these sampling
designs is considered by Wywiał (2012a).
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4.1.4 Systematic sampling with varying inclusion probabilities

Subsection 3.2.2 presented simple systematic sampling, which is characterized by
constant probabilities of sample selection as well as constant inclusion probabil-
ities. Systematic sampling designs with non-constant inclusion probabilities were
considered by Hartley and Rao (1962) and Rao et. al. (1962). Let the sample be
the following sequence of successively drawn population elements s = (i1, i2, ..., in).
Firstly, we evaluate the following cumulative sums:

Ve =
e

∑
k=1

πk,

where V0 = 0 and VN = n. Next, the random value u is generated from the uniform
distribution on the interval (0; 1). The population element identified by the index i1
is selected to the sample s when

Vi1−1 < u≤Vi1 .

The next element drawn into the sample is labelled i2, which fulfils the inequality:

Vi2−1 < u+1≤Vi2 .

More generally, iz ∈ s, if and only if:

Viz−1 < u+ z−1≤Viz , z = 1, ...,n. (4.5)

A sampling scheme similar to the above is as follows. We determine the follow-
ing cumulative sums:

xc,e =
e

∑
j=1

x j, e = 0,1, ...,N,

where xc,e = 0, xc,N = xU . Next, we calculate the ratio:

In = z
(xU

n

)
,

where z(a) is the value a rounded to the nearest integer. The parameter In is some-
times called the interval of the systematic sampling scheme. Now the number k is
randomly drawn from the sequence (1,2, ..., In). The population element indexed by
i1 is selected to the sample s if

xc,i1−1 < k ≤ xc,i1

The next population element, indexed by i2, is selected to s when

xc,i2−1 < k+ In ≤ xc,i2
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Generally the algorithm selects the element iz to s if and only if

xc,iz−1 < k+(z−1)In ≤ xc,iz , z = 1, ...,n. (4.6)

If z
( xU

n

)
is an integer and πk = nxk

xU
≤ 1 for k = 1, ...,N, then the appropriate

inequalities given by expressions (4.5) and (4.6) are equivalent. Each inequality in
expression (4.5) is obtained from the appropriate inequality, given by (4.6) through
multiplying the former by 1

In
. Hence, in this case the dollar sampling scheme and

the sampling scheme of Hartley and Rao et al. are equivalent.
More properties of the various versions of the systematic sampling design are

considered e.g. by Tillé (2006). The computer program that implements the Hartley-
Rao sampling scheme and inclusion probabilities is presented in Appendix 6.2.7.

4.1.5 Rejective sampling

Let πk, k ∈U be the postulated inclusion probabilities, e.g. defined as proportional
to book value, see section 4.1.2. A sample of size n is drawn with replacement
according to a preassigned sampling scheme. If, in the selected sample, at least
one population element appears more than once, then the sample is rejected and
a new sample is drawn. This operation is replicated until no population element
is repeated in the sample. This type sampling scheme implements the following
sampling design:

P7(s) = c∏
k∈s

qk, s ∈ S,

where S is the sample space of all samples of the same size which can be se-
lected from a population of size N. The constant c is determined in such a way that
∑s∈S P(s) = 1. Hájek (1981) evaluated the following approximation for the proba-
bilities qk (see also Berger (1998)):

qk = λ
πk

1−πk

(
1+

π̂−πk

dπ

)
, k = 1, ...,N,

where

dπ =
N

∑
k=1

πk(1−πk), π̂ =
1

dπ

N

∑
k=1

π
2
k (1−πk),

and λ is evaluated in such a way that

N

∑
k=1

qk = 1.

The more precise explanation of the sampling scheme is as follows. The sample s
of size n is drawn with replacement from a population of size N. The kth population
element is selected from a population with probability qk at each draw. If, in the
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obtained sample, at least one element, is repeated then the sample is rejected and a
new sample is selected. This operation is replicated until no elements are repeated
in the selected sample.

Let H(P) = ∑s∈S P(s)log(P(s)) be the entropy function of the sampling design
P(s). It is assumed that 0log(0) = 0. Hájek (1959) proves that the rejective sam-
pling design P7(s) maximizes entropy in the class of all fixed sample size sampling
designs drawn without replacement with first-order inclusion probabilities defined
by (πk, k ∈U).

The divergence (distance) of the sampling design P(s) from the rejective sam-
pling design P7(s) is defined as follows (see Berger (1998)):

D(P) = ∑
s∈S

P(s)log
(

P(s)
P7(s)

)
(4.7)

D(P) = 0 if and only if P(s) = P7(s) for all s ∈ S. For k = 1, ...,N let πk be the first-
order inclusion probabilities of the sampling design P(s) and π

(r)
k be the fist-order

inclusion probabilities of the rejective sampling design P7(s). Berger (1998) proves
that

|πk−π
(r)
k | ≤

√
2D(P) for all k = 1, ...N.

4.1.6 Rao-Sampford sampling scheme

Rao (1965) and Sampford (1967) considered the following sampling design:

PRS(s) = c1

(
∑

k∈U−s
πk

)
∏
k∈s

πk

1−πk
, s ∈ S,

where c1 has to be evaluated in such a way that ∑s∈S PRS(s) = 1. The first-order in-
clusion probabilities of the sampling design are exactly equal to preassigned values
πk, k = 1, ...,N.

The sampling scheme implementing the above sampling design is as follows.
The first population element is drawn into the sample with probability πk/n, k =
1, ...,N. The remaining n− 1 elements are drawn with replacement according to
the probabilities proportional to πk

1−πk
, k = 1, ...,N. If, in the selected sample, there

is at least one repeated element then the sample is drawn again. This algorithm is
replicated until there is no repetition in the selected sample.

The program that implements the above sampling scheme is presented e.g. in the
textbook by Wywiał (2014a).
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4.1.7 Truncated sampling scheme

Let population elements be ordered according to the increasing values of an auxil-
iary variable. So, i < j if and only if xi < x j, i, j = 1, ...,N and i 6= j. Let us consider
the following sampling scheme. Let Li be a random variable whose value is equal to
the number (label) of a selected population element into the sample s of size n during
the ith draw, i = 1, ...,n. The first population element is drawn from the population
with the following probability:

pl1 = P(L1 = l1) =
1

N−n+1
for l1 = 1, ...,N−n+1.

The next elements are selected with probabilities:

pl2/l1 = P(L2 = l2|L1 = l1) =
1

N−n+2− l1
for l1 < l2 ≤ N−n+2,

pl3/l2 = P(L3 = l3|L2 = l2) =
1

N−n+3− l2
for l2 < l3 ≤ N−n+3,

Generalizing the introduced selection we have:

pli/li−1 = P(Li = li|Li−1 = li−1) =
1

N−n+ i− li−1
(4.8)

for l0 = 0, li = li−1 +1, ...,N−n+ i, i = 1, ...,n and pl1/l0 = pl1 .
Hence, the defined sampling scheme leads to selection of the ordered sample:

s = (l1, ..., li, ..., ln) where li−1 < li.
The sampling design is as follows:

Pl.trunc(s) =
n

∏
i=1

pli/li−1 =
1

∏
n
i=1(N−n+ i− li−1)

. (4.9)

Let us note that the conditional probabilities of the sampling design are evaluated
through gradual left truncation of the sequence (1,2, ..., li, ...,N). Hence, we can
name the sampling scheme and design as gradually left truncated. Moreover, let us
note that, similarly to above, we can define the right side (or both side) truncated
sampling scheme and design.

In particular, when n = 2, we have

Pt(s) = P(L1 = l1,L2 = l2) =
1

(N−1)(N− l1)

for 1≤ l1 ≤ N−1 and l1 < l2 ≤ N. In this case:

pl1 = P(L1 = l1) =
1

N−1
for l1 = 1, ...,N−1.
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pl2/l1 = P(L2 = l2|L1 = l1) =
1

N− l1
for l1 < l2 ≤ N,

The inclusion probabilities, as derived in Appendix 6.1.3, are as follows:

πk =


1

N−1 for k = 1,
1

N−1 +
1

N−1 ∑
k−1
h=1

1
N−h for k = 2, ...,N−1,

1
N−1 ∑

N−1
h=1

1
N−h for k = N.

(4.10)

We can show that the inclusion probabilities πk derived above are values of the
increasing function of the indexes k = 1, ...,N−1.

The sampling scheme and sampling design defined above can be generalized into
the following way by involving the values of the positive auxiliary variable (book
amounts). Let xi−1 ≤ xi for i = 2, ...,N. Based on expression (4.8), the conditional
probabilities of the new sampling design can be defined by the equations:

pli/li−1(x) = P(Li = li|Li−1 = li−1) =
xli

∑
N−n+i
j=li−1+1 x j

(4.11)

for li = li−1 +1, ...,N−n+ i, i = 1, ...,n

pl1(x) = pl1/l0(x) = P(L1 = l1) =
xl1

∑
N−n+1
j=1 x j

. (4.12)

This leads to the following sampling design:

Pl.trunc,x(s) =
n

∏
i=1

pli/li−1(x). (4.13)

In the case of sample size n = 2 the derivation presented in Appendix 6.1.3 and
expressions (4.11) (4.12) let us evaluate the inclusion probabilities based on the
following equations:

πk =


∑

k−1
h=1 P(L2 = k|L1 = h)P(L1 = h)+

+P(L1 = k)∑
N
t=k+1 P(L2 = t|L1 = k) for k = 1, ...,N−1,

∑
N−1
h=1 P(L2 = N|L1 = h)P(L1 = h) for k = N.

(4.14)

Let us note that in section 4.3 we consider the continuous version of a gradually
truncated sampling scheme.
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4.1.8 Sampling design proportional to the function of one order
statistic

Let (Xr:n,r = 1, ...,n) be the sequence of the order statistics of observations of the
auxiliary variable in the simple random sample s drawn without replacement. Let
G(r, i) = {s : Xr:n = xi} be the set of all samples whose r -th order statistic of the
auxiliary variable is equal to xi where r≤ i≤N−n+r. Moreover,

⋃N−n+r
i=r G(r, i) =

S. The size of the set G(r, i) is denoted by g(r, i) =Card(G(r, i)) and

g(r, i) =
(

i−1
r−1

)(
N− i
n− r

)
=

=
Γ (i)Γ (N− i+1)

Γ (r)Γ (i− r+1)Γ (N− i−n+ r+1)Γ (n− r+1)
=

=
1

(r−1)(n− r)B(r−1, i− r+1)B(N− i−n+ r+1,n− r)
,

N−n+r

∑
i=r

g(r, i) =
(

N
n

)
=

Γ (n+1)Γ(N−n+1)
Γ (N +1)

=
1

nB(n,N−n+1)
.

where Γ (a)=
∫

∞

0 xa−1e−xdx, Γ (a+1)= aΓ (a) and B(a,b)=
∫ 1

0 xa−1(1−x)b−1dx=
Γ (a)Γ (b)
Γ (a+b) .

The probability distribution of the order statistic Xr:n is as follows, see Wilks
(1962):

P(Xr:n = xi) = P(s ∈ G(r, i)) =
g(r, i)(N

n

) .

The relationship between the order statistic and the sample quantile of order α ∈
(0;1) is explained by the following equation (see e.g. Fisz (1967)):

Qα = Xr:n

where r = [nα]+1 is the integer part of the value nα , r = 1,2, ...,n and Xr:n = Qα

for r−1
n ≤ α < r

n .
The considered sample can be denoted by s = {s1, i,s2} where s1 = {i1, ..., ir−1},

s2 = {ir+1, ..., in}, i j < i for j = 1, ...,r, ir = i and i j > i for j = r+1, ...,n.
Let f (xi) be a positive function of value xi of the order statistic Xr:n of the auxil-

iary variable. In particular, f (xi) = xi.
Wywiał (2008) proposed the following sampling design proportional to f (xi):

Pq1(s) =
f (xi)

∑
N−n+r
j=r g(r, j) f (x j)

for i ∈ s ∈ G(r, i) (4.15)

Hence, the probability of selecting a sample s is proportional to the value f (xi)
where xi is the observation of the order statistic Xr:n.

Let
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Pq1(s : f (xu)≤ f (Xr:n)≤ f (xv))=
v

∑
i=u

Pq1 (s : f (Xr:n) = f (xi))=
∑

v
i=u f (xi)g(r, i)

∑
N−n+r
j=r f (x j)g(r, j)

The sampling design defined above is a particular case of the following conditional
sampling design:

Pq1(s|u,v) =
Pq1(s)

Pq1( f (xu)≤ f (Xr:n)≤ f (xv))
=

f (xi)

zr(u,v)
(4.16)

for i ∈ s ∈ G(r, i) and r ≤ u≤ i≤ v≤ N−n+ r where:

zr(u,v) =
v

∑
j=u

f (x j)g(r, j)

The sampling design Pq1(s|u,v) depends only on those values of the auxiliary
variable which are not less than xu and not greater than xv. More about the concept
of the conditional sampling design can be found in Tillé (1998, 2006).

In particular, if f (Xr:n) = Xr:n, r = u < v = N−n+r, Pq1(s|r,N−n+r) = Pq1(s).
Moreover, when xi = c for all i = 1, ...,N, the sampling design Pq1(s) can be sim-
plified to the simple random sampling without replacement P0(s). Other particular
cases of the conditional sampling design are considered by Wywiał (2008, 2014a,
2015).

Let us assume that if x ≤ 0, then δ (x) = 0 and when x > 0, then δ (x) = 1 .
Hnce, δ (x)δ (x−1) = δ (x−1). The first- and second-order inclusion probabilities
are defined the following two theorems proved by Wywiał (2008, 2015).

Theorem 4.1. The first-order inclusion probabilities for the conditional sampling
design P(s|u,v) are as follows: if k < u,

πk(u,v) =
δ (r−1)δ (v−1)δ (u−1)

zr(u,v)

v

∑
i=u

(
i−2
r−2

)(
N− i
n− r

)
f (xi);

if u≤ k ≤ v,

πk(u,v) =
1

zr(u,v)

(
δ (n− r)δ (k−u)δ (k−1)

k−1

∑
i=u

(
i−1
r−1

)(
N− i−1
n− r−1

)
f (xi)+

+

(
k−1
r−1

)(
N− k
n− r

)
xk +δ (r−1)δ (v− k)

v

∑
i=k+1

(
i−2
r−2

)(
N− i
n− r

)
f (xi)

)
;

if k > v,

πk(u,v) =
δ (n− r)δ (N− v)

zr(u,v)

v

∑
i=u

(
i−1
r−1

)(
N− i−1
n− r−1

)
f (xi),

Theorem 4.2. The second-order probabilities for the conditional sampling design
P(s|u,v) are as follows: if k < u, t < u and t 6= k,
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πk,t(u,v) =
δ (r−2)δ (v−2)δ (u−2)

zr(u,v)

v

∑
i=u

(
i−3
r−3

)(
N− i
n− r

)
f (xi);

if k > v, t > v and t 6= k,

πk,t(u,v) =

=
δ (n− r−1)δ (N− v−1)δ (N−u−1)

zr(u,v)

v

∑
i=u

(
i−1
r−1

)(
N− i−2
n− r−2

)
f (xi);

if k < u and t > v or t < u and k > v,

πk,t(u,v) =
δ (r−1)δ (n− r)δ (u−1)δ (N− v)

zr(u,v)

v

∑
i=u

(
i−2
r−2

)(
N− i−1
n− r−1

)
f (xi);

if k < u and u≤ t ≤ v or t < u and u≤ k ≤ v,

πk,t(u,v) =

=
δ (r−1)
zr(u,v)

(
δ (n− r)δ (t−u)δ (t−2)

t−1

∑
i=u

(
i−2
r−2

)(
N− i−1
n− r−1

)
f (xi)+

+δ (t−1)
(

t−2
r−2

)(
N− t
n− r

)
xt+

+δ (r−2)δ (v− t)δ (v−2)δ (t−1)
v

∑
i=t+1

(
i−3
r−3

)(
N− i
n− r

)
f (xi)

)
;

if u≤ k ≤ v and t > v or u≤ t ≤ v and k > v,

πk,t(u,v) =
δ (n− r)
zr(u,v)

(
δ (n− r−1)δ (k−u)δ (N− k)δ (k−1)δ (N−u−1)·

·
k−1

∑
i=u

(
i−1
r−1

)(
N− i−2
n− r−2

)
f (xi)+δ (N− k)

(
k−1
r−1

)(
N− k−1
n− r−1

)
xk+

+δ (r−1)δ (v−k)δ (N−v)δ (v−1)δ (N−k−1)
v

∑
i=k+1

(
i−2
r−2

)(
N− i−1
n− r−1

)
f (xi)

)
;

if u≤ k < t ≤ v or u≤ t < k ≤ v,
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πk,t(u,v) =
δ (v−u)
zr(u,v)

(
δ (n− r−1)δ (k−u)δ (N− k)δ (k−1)δ (N−u−1)·

·
k−1

∑
i=u

(
i−1
r−1

)(
N− i−2
n− r−2

)
f (xi)+δ (n− r)δ (N− k)

(
k−1
r−1

)(
N− k−1
n− r−1

)
xk+

+δ (r−1)δ (n−r)δ (t−k−1)δ (t−2)δ (N−k−1)
t−1

∑
i=k+1

(
i−2
r−2

)(
N− i−1
n− r−1

)
f (xi)+

+δ (r−1)δ (t−1)
(

t−2
r−2

)(
N− t
n− r

)
xt+

+δ (r−2)δ (v− t)δ (v−2)δ (t−1)
v

∑
i=t+1

(
i−3
r−3

)(
N− i
n− r

)
f (xi)

)
.

The above expressions are also true for non-distinct values of the auxiliary variable.
The first- and second-order inclusion probabilities can be evaluated using the

computer program presented in Appendix 6.2.8.
The conditional sampling design Pq1(s|u,v) is implemented by means of the

following sampling scheme. Firstly, population elements should be ordered accord-
ing to non decreasing values of the auxiliary variable. Next, the i-th population ele-
ment where i = u,u+1, ...,v, is drawn with probability

P∗,q1(i|u,v) =
f (xi)g(r, i)

∑
v
j=u f (x j)g(r, j)

.

Finally, two simple samples s1 and s2 are drawn without replacement from the sub-
populations U1 = {1, ..., i−1} and U2 = {i+1, i+2, ...,N}, respectively. The sample
s1 is of size r−1 and the sample s2 is of size n− r. The sampling designs of these
samples are independent and

P1,q1(s1) =
1(i−1

r−1

) , P2,q1(s2) =
1(N−i

n−r

) .
The selected sample s = {s1, i,s2} fulfils the equation:

P∗,q1(i|u,v)P1,q1(s1)P2,q1(s2) = Pq1(s|u,v)

where r = u,u+1, ...,v.
The computer program that implement the above sampling scheme is in Ap-

pendix 6.2.9. More properties of the introduced sampling scheme in the context of
estimating accuracy of the population mean are considered by Wywiał (2007, 2015).
He shows that sampling designs proportional to one of the last order statistics of the
auxiliary variable usually leads to first-order inclusion probabilities that are approx-
imately proportional to the appropriate values of the auxiliary variable.
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4.1.9 Sampling design proportional to the function of two order
statistics

Let Xr:n and Xu:n be two order statistics of a positive auxiliary variable observed in
a simple random sample drawn without replacement. Let G(r,u, i, j) = {s : Xr:n =
xi,Xu:n = x j}, r = 1, ..,n−1; u = 2, ...,n, r < u be the set of all samples whose r -th
and u -th order statistics of the auxiliary variable are equal to xi and x j, respectively,
where r ≤ i < j ≤ N−n+u. The sets G(r,u, i, j) fulfil the following equation:

N−n+r⋃
i=r

N−n+u⋃
j=i+u−r

G(r,u, i, j) = S.

g(r,u, i, j) is the size of the set G(r,u, i, j) and

g(r,u, i, j) =
(

i−1
r−1

)(
j− i−1
u− r−1

)(
N− j
n−u

)
.

Let xi ≤ x j for i < j and i, j = 1, ...,N as was previously assumed. Moreover, let
f (xi,x j,C) be the following positive function of the values xi and x j of the order
statistics Xn:r1 and Xn:r2 , respectively,

f (xi,x j,C) =

{
f (xi,x j) f or f (xi,x j) ∈ C,
0 f or f (xi,x j) /∈ C

(4.17)

where C⊆ R+ and r1 ≤ i≤ N−n+ r1 and r1 < r2 ≤ j ≤ N−n+ r2.
The conditional sampling design proportional to the function f (xi,x j,C) is as

follows:

Pr1,r2(s|C) =
f (xi,x j,C)
z(r1,r2,C)

(i, j) ∈ s ∈ G(r1,r2, i, j) (4.18)

where

z(r1,r2,C) =
N−n+r1

∑
i=r1

N−n+r2

∑
j=i+r2−r1

f (xi,x j,C)g(r1,r2, i, j).

If C = R+, the conditional sampling design Pr1,r2(s|C) reduces to the uncondi-
tional sampling design Pr1,r2(s).

Wywiał (2009, 2015) derived the following first-order inclusion probabilities of
the sampling design Pr1,r2(s|C):

Theorem 4.3.
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πk(r1,r2,C) =

=
1

z(r1,r2,C)

(
δ (r1−1)

N−n+r1

∑
i=r1δ (r1−k)+(k−1)δ (k+1−r1)δ (N−n+r1−k)

N−n+r2

∑
j=i+r2−r1

(
i−2

r1−2

)
(

j− i−1
r2− r1−1

)(
N− j
n− r2

)
f (x j,xi,C)+δ (k− r1)δ (N−n+ r2− k)δ (r2− r1−1)

min(k−1,N−n+r1)

∑
i=r1

N−n+r2

∑
j=max(i+r2−r1,k+1)

(
i−1

r1−1

)(
j− i−2

r2− r1−2

)(
N− j
n− r2

)
f (x j,xi,C)+

+δ (k− r2)δ (n− r2)δ (N−n+ r2− k+1)
k−r2+r1−1

∑
i=r1

k−1

∑
j=i+r2−r1

(
i−1

r1−1

)(
j− i−1

r2− r1−1

)(
N− j−1
n− r2−1

)
f (x j,xi,C)+δ (n− r2)

δ (k−N+n−r2)
N−n+r1

∑
i=r1

N−n+r2

∑
j=i+r2−r1

(
i−1

r1−1

)(
j− i−1

r2− r1−1

)(
N− j−1
n− r2−1

)
f (x j,xi,C)+

+δ (k+1− r1)δ (N−n+ r1− k+1)
(

k−1
r1−1

)
N−n+r2

∑
j=k+r2−r1

(
j− k−1

r2− r1−1

)(
N− j
n− r2

)
f (x j,xk,C)+δ (k− r2 +1)δ (N−n+ r2− k+1)

(
N− k
n− r2

) k−r2+r1

∑
i=r1

(
i−1

r1−1

)(
k− i−1

r2− r1−1

)
f (xk,xi,C)

)
The second-order inclusion probabilities are derived by Wywiał (2009, 2015).

Let us assume that the population elements are ordered according to increasing
values of the auxiliary variable. The sample s is divided into three samples, s1, s2
and s3 in such a way that

s = s1∪{i}∪ s2∪{ j}∪ s3, s1 = {k : k ∈U,xk < xi},

s2 = {k : k ∈U,x j > xk > xi} and s3 = {k : k ∈U,xk > x j}.

The population U is divided in the following way:

U =U(1, i−1)∪{i}∪U(i+1, j−1)∪{ j}∪U( j+1,N)

where

U(1, i−1) = (1, ..., i−1), U(i+1, j−1) = (i+1, ..., j−1),

U( j+1,N) = ( j+1, ...,N).
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The sample space of sample s1 of size r1−1 will be denoted by S1 = S (U(1, i−1);s1).
Moreover, let S2 = S (U(i+1, j−1);s2) be the sample space of sample s2 of size
r2−r1−1 and 3 = S (U( j+1,N);s3) be the sample space of sample s3 of size n−r2.

The sampling scheme of the sampling design Pr1,r2(s|C) proposed by Wywiał (2009,
2015) is explained by the following probabilities:

Pr1,r2(s|C) = P1a(s1)pr1,r2(i|C)P1b(s2)p′r1,r2
( j|C)P1c(s3)

where

P1a(s1) =

(
i−1

r1−1

)−1

, P1b(s2) =

(
j− i−1

r2− r1−1

)−1

, P1c(s3) =

(
N− j
n− r2

)−1

for s1 ∈ S1, s2 ∈ S2, s3 ∈ S3,

pr1,r2(i| j,C) = P
(
X(r1) = xi|X(u) = x j,C

)
=

Pr1,u
(
X(r1) = xi,X(u) = x j,C

)
Pr1,u

(
X(u) = x j,C

) ,

Pr1,r2

(
X(r1) = xi,X(r2) = x j,C

)
= ∑

s∈G(r1,r2,i, j)
Pr1,r2(s|C) =

f (x j,xi,C)g(r1,r2, i, j)
z(r1,r2,C)

,

p′r1,r2
( j|C) = Pr1,r2

(
X(r2) = x j,C

)
=

1
z(r1,r2,C)

N−n+r1

∑
i=r1

f (x j,xi,C)g(r1,r2, i, j).

In order to draw the sample s, firstly, the j-th element of the population is selected
according to the probability function p′r1,r2

( j|C). In the next step, the i-th element
of the population is drawn according to the probability function pr1,r2(i| j,C). Fi-
nally, the samples s1, s2 and s3 are drawn according to the sampling designs P1a(s1),
P1b(s2) and P1c(s3), respectively.

Wywiał (2015) showed that the sampling design proportional to the sum of two
order statistics is approximately proportionate to the values of the auxiliary variable.
This approximation is good especially when the order statistics are of order 2 and
n− 1. More properties of the sampling design dependent on two order statistics is
considered by Wywiał(2011, 2013b, 2013c).

The computer program for the computation of the first-order inclusion proba-
bilites is presented in Appendix 6.2.10. The computer program shown in Appendix
6.2.11 implements the sampling scheme.

Wywiał (2015) defined the conditional sampling design dependent on three or-
der statistics and derived the first-order inclusion probabilities. The inclusion prob-
abilities in this case are very complicated. That is why, in Appendix 6.2.12 we
have only included the computer program for evaluating the first-order inclusion
probabilities. Appendix 6.2.13 contains the program that implements the sampling
scheme. Moreover, let us note that the general case of the sampling design depen-
dent on more than three order statistics is considered by Wywiał (2009a).
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4.2 Horvitz-Thompson statistic

Our purpose is still to test hypotheses on the total population error formulated in sec-
tion 3.1. The inference is based on complex monetary samples. Firstly, the construc-
tion of the well-known Horvitz-Thompson statistic including some of its asymptotic
properties is shown. Next, a review of the sampling designs or schemes proportional
to book values is presented. Finally, continuous sampling designs and schemes are
considered.

4.2.1 Basic properties

We assume that the considered accounting population is finite and fixed. The design-
based approach is used. This means that observed variables are treated as fixed (not
random). Our purpose is to make inference on the total population error amount
denoted by dU = xU − yU (see the section 1.1). Now, the considered test statistic
will be based on estimators of dU . The total population book amount denoted by xU
is known in advance. Hence, estimation of the parameter dU reduces to estimation
of the total audited amount yU .

The well-known Horvitz-Thompson (1952) statistic is as follows (see also Rao
(2004)):

yHT S =
N

∑
k=1

ykIk

πk
= ∑

k∈S

yk

πk
. (4.19)

where Ik = 1 when a kth population element is in a sample S and Ik = 0 if a kth
population element is not drawn to the sample. Moreover, E(Ik) = πk, E(Ik, Il) =
πk,l , V (Ik, Il) = πk,l−πkπl and V (Ik) =V (Ik, Ik) = πk(1−πk), k, l = 1, ...,N, k 6= l.

When πk > 0 for all k = 1, ...,N, then yHT S is an unbiased estimator of yU , and
its variance is:

V (yHT S) =
N

∑
k=1

(
yk

πk

)2

πk(1−πk)+
N

∑
k=1

N

∑
i=1,i 6=k

ykyi

πkπi
(πk,i−πkπi).

or

V (yHT S) =
N

∑
k=1

y2
k

πk
+

N

∑
k=1

N

∑
i=1,i 6=k

ykyi

πkπi
πk,i− y2.

When the effective sample size is fixed, Yates and Grundy (1953) derived:

V (yHT S) =
N

∑
k=1

N

∑
i=1,i6=k

(
yk

πk
− yi

πi

)2

(πk,i−πkπi).

The variance V (yHT S) is estimated by means of the following statistics provided
πk,i > 0 for all i 6= k = 1, ...,N:
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VS (yHT S) =
N

∑
k=1

(
yk

πk

)2

(1−πk)Ik +
N

∑
k=1

N

∑
i=1,i 6=k

ykyi

πkπi

πk,i−πkπi

πk,i
IkIi, (4.20)

or

VS (yHT S) =
N

∑
k=1

N

∑
i=1,i6=k

(
yk

πk
− yi

πi

)2
πk,i−πkπi

πk,i
IkIi. (4.21)

Both statistics above are unbiased estimators of the variance V (yHT S)
The estimator of the mean value ȳ is as follows:

ȳHT S =
1
N

yHT S =
1
N

N

∑
k=1

ykIk

πk
.

The estimator of the population size number is:

NHT S =
N

∑
k=1

Ik

πk
. (4.22)

Its variance is:

V (NHT S) =

(
N

∑
k=1

1
πk

+
N

∑
k=1

N

∑
i=1,i6=k

πk,i

πkπi

)
−N2.

The unbiased estimator of V (NHT S) is:

VS (NHT S) =
N

∑
k=1

1−πk

π2
k

Ik +
N

∑
k=1

N

∑
i=1,i6=k

(
1

πkπi
− 1

πk,i

)
IkIi. (4.23)

On the basis of the Horvitz-Thompson statistic ratio and regression type estima-
tors are constructed. The ratio estimator is as follows:

yrHT S = yHT S
xU

xHT S
,

This is an approximately unbiased estimator of the population total and its variance
is approximately as follows:

V (yrHT S)≈V (yHT S)+h2V (xHT S)−2hV (xHT S,yHT S)

where

h = yU
xU

, V (xHT S) =V (xHT S,xHT S),

V (xHT S,yHT S) =
1

N2

N

∑
k=1

xkyk(1−πk)

πk
+

2
N2

N

∑
i=1

N

∑
k>i

xkyi

πkπi
(πki−πiπk).

The estimator of the variance V (yrHT s) is the following statistic:
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VS(yrHT S) =VS(yHT S)+h2
SVS(xHT S)−2hSVS(xHT S,yHT S)

where hS =
yHT S
xHT S

,

VS(xHT S,yHT S) =
1

N2 ∑
N
k=1

xkyk(1−πk)

π2
k

Ik +
1

N2 ∑
N
i=1 ∑

N
k 6=i

xkyi
πkπi

πki−πiπk
πki

IkIi.

The Horvitz-Thompson-regression type estimator of population total is defined
as follows:

yregHT S = yHT S +aHT S(xU − xHT S)

where

aHT S =
vHT S(x,y)
vHT S(x)

vHT S(x,y) =
1

N−1

N

∑
k=1

(xk− xHT S)(yk− yHT S)
Ik

πk
, vHT S(x) = vHT S(x,x).

yregHT S is the approximately unbiased estimator of the population mean and its vari-
ance is as follows:

V (yregHT S)≈V (yHT S)+a2V (xHT S)−2aV (xHT S,yHT S)

where a = c∗(x,y)
v∗(x)

.
The unbiased estimator of the variance V (yregHT S) is as follows:

VS(yregHT S) =VS(yHT S)+a2
HT SVS(x̄HT s)−2a2

HT SVS(xHT SyHT S).

Let us note that more properties of the Horvitz-Thompson estimator are con-
sidered e.g. by Berger (1998), Patel and Patel (2010), Tillé (2006) and Wywiał
(1992, 2003). Barbiero and Mecatti (2010) consider the bootstrap-type estimator
of the variance of the regression statistic.

4.2.2 Estimators of variance

Estimation of approximated variance

In sampling without replacement the variance of the Horvitz-Thompson statistic de-
pends on first- and second-order inclusion probabilities. The second-order inclusion
probabilities are usually very complicated functions and it is difficult to derive them.
Moreover, the estimators of the variance can take non-positive values with proba-
bilities greater than zero. In this situation, some approximations of the variance that
are dependent only on first-order inclusion probabilities are proposed. A review of
those approximations can be found in the monograph by Tillé (2006). In the case
of an exponential sampling design (see, Deville and Tillé (2005), Tillé (2006)) the
variance of Thorvitz-Thompson statistic can be approximated by means of the fol-
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lowing expression:
Vapprox(yHT S) = ∑

k∈U
bk(ŷk− ŷ∗)2 (4.24)

where ŷk =
yk
πk

and

ŷ∗ =
∑t∈U ŷkbk

∑t∈U bk
.

Hájek (1981) proposed to evaluate the coefficients bk, k ∈U by means of the fol-
lowing expression:

bk =
πk(1−πk)N

N−1
, k ∈U.

Others methods of determining of these coefficients are shown by Tillé (2006).
The estimator of the variance Vapprox(yHT S) is as follows:

Vapprox,S(yHT S) = ∑
k∈S

ck(ŷk− ŷ∗S)2 (4.25)

where
ŷ∗S =

∑t∈S ŷkck

∑t∈S ck
.

The coefficients ck, k ∈U are determined in several ways (see the short review in
the book by Tillé (2006)). The Deville (1993) proposition is as follow:

ck =
(1−πk)n

n−1
, k ∈U.

Jackknife estimation

Rao et. al. (1992) considered the jackknife-type estimator of the variance for a two-
stage sampling from stratified population. A sampling design with unequal first-
order inclusion inclusion probabilities is a particular case of that sampling design
(see also Berger and Skinner (2005)). Under sampling design, the jackknife-type
estimator of the variance V (yHT S) is as follows:

VJ1,S(yHT S) =
n−1

n ∑
i∈S

(yHT S−i − yHT S)
2 (4.26)

where
yHT S−i =

n
n−1 ∑

k∈S−i

yk

πk
, i = 1, ...,n,

S−i is S without the ith unit.
Berger and Skinner (2005) proposed the following jackknife-type estimator of

the variance of the Horvitz-Thompson’s statistic (see also Campbell (1980)):
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VJ2,S(yHT S) = N2
∑
i∈S

∑
j∈S

πi j−πiπ j

πi j
ε(i)ε( j) (4.27)

where
ε(i) = (1−wi)(ȳHT S− ȳHT S−i), wi =

1
NHT Sπi

, i ∈ S,

ȳHT S =
1

NHT S
∑
k∈S

yk

πk
, NHT S = ∑

k∈S

1
πk

,

ȳHT S−i =
1

NHT S−i
∑

k∈S−i

yk

πk
, NHT S−i = ∑

k∈S−i

1
πk

.

Berger and Skinner (2005) considered in detail the consistency of the estimator
Vjackk,S(yHT S).

Bootstrap estimation

A review of bootstrap-type estimators of the variance of the Horvitz-Thompson
statistic is presented e.g. by Barbieri and Mecatti (2010). The naive bootstrap es-
timator of the variance V (yHT S) is as follows. Let s be the observation of a sample
of size n drawn from a fixed and finite population according to a sampling design
P(s) with the first order inclusion probabilities πk, k ∈ U . On the basis of s, the
statistic yHT S is calculated. On the resampling step, the independently drawn sim-
ple random samples, denoted by S#b, b = 1, ...,B, each of size n, are drawn with
replacement from the original sample s. On the replication step the statistics

yHT S#b = ∑
i∈S#b

yi

πi
, b = 1, ...,B, (4.28)

are evaluated. Next, the bootstrap variance is determined according to the following
expression:

VS# =
1

B−1

B

∑
b=1

(yHT S#b − yHT S#)
2, yHT S# =

1
B

B

∑
b=1

yHT S#b . (4.29)

Let E#(tS#) be the expected value of the statistic tS# determined on the basis of the
resampling design. Barbieri and Mecatti (2010) show that E#(yHT S#b) = yHT S and

E# (VS#) = ∑
i∈S

(
yi

πi
− yHT S

n

)2

= vnaive.

Holmberg’s (1998) bootstrap algorithm is recommended. For this algorithm, let
s be the sample of fixed size n drawn from the population U of size N according to
the sampling design P(s). Let 1/πk = ck + rk where ck = [1/πk], 0 ≤ rk < 1, k ∈ s.
Let Ak = ck +εk where εk = 1 with probability rk and εk = 0 with probability 1− rk.
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The elements of the sequence (ε1, ..,εn) are independent. Hence, the elements of
(A1, ...,An) are also independent. The values of the random sequence (A1, ...,An)
are denoted by (a1, ...,an). Let N# = ∑k∈s ak be the size of a new artificial popu-
lation U#. In the set U# the pair (yk,xk) is replicated ak times. On the basis of the
auxiliary variable observations xk where k ∈U#, the sampling design P#(s) is con-
structed according to the same rule as the original sampling design P(s). Therefore,
the inclusion probabilities π#k, k ∈U# are evaluated on the basis of P#(s). Next, the
sample s# of size n is drawn from the artificial population U# according to the sam-
pling design P#(s). The described procedure is repeated independently B-times. This
leads to the independent samples: (s#1, ...,s#b, ...,s#B). Next, the Horvitz-Thompson
statistic as well as the bootstrap estimator of its variance are evaluated according to
expressions (4.28) and (4.29), respectively.

Barbieri and Mecatti (2010) proposed a calibrate version of Holmberg’s method.
They constructed an algorithm leading to the minimization of |xU − xU# |, where
xU = ∑k∈U xk and xU# = ∑k∈U#

xk. Their other modification leads to a simplification
of Holmberg’s method. More details about bootstrap methods of variance estimation
in complex sampling are considered e.g. by Antal and Tillé (2011), Chauvet (2007)
and Kuk (1989).

4.2.3 Normal approximation of test statistic distribution

Our purpose is to test the hypotheses formulated in section 3.1. Usually the test
statistic is defined as follows:

ẑ1S =
dHT S−dU√

VS(dHT S)

where dHT S = xU−yHT S. In the case when the randomization approach is taken into
account, the total book value xU is scalar. Hence, the above statistic can be rewritten
as the following studentized Horvitz-Thompson statistic:

ẑ1S =
dHT S−dU√

VS(yHT S)
=

yU − yHT S√
VS(yHT S)

. (4.30)

Under quite complicated additional assumptions about the homogeneity of distribu-
tion of the statistic yHT S, there are central theorems (see e.g. Fuller (2009), Hájek
(1964, 1981)) which let us infer that if n→ ∞, N→ ∞, N−n→ ∞ then

ẑ1S→ Z ∼ N(0,1).

In these cases, convergence to the normality of the studentized Horvitz-Thompson
statistic should be considered under a specific sampling design.

Usually, convergence to the normality of the statistic ẑ1S is considered with
Sludzky’s well-known theorem.
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Let
z1S =

dHT S−dU√
V (yHT S)

=
yU − yHT S√

V (yHT S)
.

Berger and Skinner (2005) infer on the basis of Sludzky’s theorem that if, under
specific assumptions (considered below), the statistic z1S converges to standard nor-
mal distribution and the statistic VS(yHT S) is a consistent estimator of the variance
V (yHT S), then the statistic ẑ1S converges to normality, too. Hence, in order to prove
the normality of the statistic ẑ1S, we have to assign conditions under which the statis-
tic VS(yHT S), is consistent estimator of V (yHT S) and z1S has asymptotically normal
distribution.

Normality of the Horvitz-Thompson statistic under rejective sampling
The standardized Horvitz-Thompson statistic is denoted as follows:

ZHTrS =
yU − yHTrS

V (yHTrS)
(4.31)

where
yHTrS = ∑

k∈S

yk

πk(r)
,

V (yHTrS) = ∑
k∈U

z2
k

1−πk(r)
πk(r)

,

zk = yk−G(r,y)πk(r), k ∈U,

G(r,y) =
1

dr,π
∑

k∈U
yk(1−πk(r)), dr,π =

N

∑
k=1

πk(r)(1−πk(r)).

Moreover, let
L(ε) = ∑

{k: |ek|>ε}
e2

kπk(r)(1−πk(r)), ε > 0,

ek =
zk

πk(r)
√

V (yHTrS)
;

ε∗ = In f{ε : L(ε)≤ ε}.

The quantity L(ε) can be treated as the ”standardized amount” of outlier observa-
tions of size ε of the variable under study. Hence, ε∗ is the minimal possible level
of this amount.

The distribution function of the random variable zHTrS is given by

FS(z) = P(zHTrS < z) = ∑
{s: zHTrs<z}

P7(s).

Let ϕ(z) be distribution function of standard normal variable. Hájek (1964) proves
the following central theorem:

Theorem 4.4. If ε∗→ 0 and dr,π → ∞ then
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|FS(z)−ϕ(z)| → 0.

Finally, we can conclude based on Sludky’s theorem that when the rejective sam-
pling design fulfils the assumptions of the above theorem and we can propose an un-
biased estimator of the variance V (yHT s) then the distribution of the statistic ẑHTrS
defined by expression (4.31) can be approximated by means of standard normal
distribution.

Under the rejective sampling design and the inclusion probabilities πk ∝ xk, k∈U
Hájek (1964, 1981), proposed the following estimator of the variance:

VS (yHT s) =
n

n−1 ∑
k∈S

(
yk

πk(r)
− xU

n
Iy:x,S

)2

(1−πk(r)), (4.32)

where

Iy:x,S =
∑k∈S

yk
xk
(1−πk(r))

∑k∈S(1−πk(r))
≈ 1

n ∑
k∈S

yk

xk
.

Hence, when dr,π is sufficiently large and ε∗ is sufficiently close to zero, the dis-
tribution of the statistic ẑHTrS can be approximated by means of standard normal
distribution.

The next estimator is as follows:

V̂S (yHT S) =
1
2 ∑

k∈S
∑
j∈S

(
yk(r)
πk(r)

−
y j

π j(r)

)2

(1−πk(r))(1−π j(r)), (4.33)

When the assumptions of the Hájek (1964) theorem are fulfilled Wywiał (2012)
proved that V̂S (yHT S) is the consistent estimator of the variance V (ȳHT s). Hence,
the statistic

ẑ2S =
yU − yHT S√

V̂S(yHT S)

has approximately normal distribution when dr,π is sufficiently large and ε∗ is suffi-
ciently close to zero.

Normality of the Horvitz-Thompson statistic under Rao-Sampford sampling

Berger (1998) using the results of Prášková (1982) proved the following theorem:

Theorem 4.5. If B1, B2 are such positive constance that

N

∑
k=1

(
yk

πk

)4

≤ B1N,

V (yHT S) = B2N,

then there are positive numbers N0 and k1 such that for N ≥ N0,
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|FS(z)−ϕ(z)|< k1√
N
+
√

2D(P)

where D(P) is the divergence coefficient defined in subsection 4.1.5 by (4.7).

The theorem lets us assess the degree of convergence of the distribution of the stan-
dardized Horvitz-Thompson statistic zHT S to normal distribution under any sam-
pling design P(s).

Finally, Berger (1998) proves the following generalization of Hájek’s theorem
4.4 for any sampling design which is close to the rejective sampling design in the
sense of the divergence coefficient:

Theorem 4.6. If the design P(s) is implemented, the statistic zHT S has asymptotic
normal distribution, i.e.

|FS(z)−ϕ(z)| → 0,

if and only if ε∗→ 0, dπ → ∞ and D(P)→ 0 where dπ = ∑k∈U πk(1−πk).

Finally let us note that the simulation procedures proposed in subsection 3.3.5
can be applied to evaluating necessary sample size to assure sufficient convergence
to the normality of the test statistic. Of course, in this case the bootstrap version of
the studentized Horvitz-Thompson statistic can be taken into account.

More problems connected with convergence to normality statistics that are de-
pendent on complex samples in the randomization approach were also considered
e.g. by Berger (1998), Fuller (2009), Prášková (1985), Rosén (1972), Sen (1995),
Wywiał (2013) and Vı́šek (1979).

4.3 Continuous population approach

4.3.1 Basic definition

In the considered case values of book amounts as well as audited amounts can be
treated as values of a two-dimensional continuous random variable. The problem
of selecting not only simple random samples from a continuous population is con-
sidered e.g. in geology, ecology and geography. We will briefly refer to Cordy’s
(1993) results about the extensions of well-known properties of the design-based
approach for inference about a continuous population. Simplifying the problem, the
basic definitions are as follows.

Let the population U ⊂ R. For instance, U = R+−{0}. The sample space, de-
noted by Sn =Un, is the set of the ordered sample denoted by x=(x1, ...,xn), xk ∈U ,
k = 1, ...,n. Let x be a value of the n-dimensional random X = (X1, ...,Xn) with den-
sity function f (x) = f (x1, ...,xn). Let fi(x) and fi, j(x,x′) be marginal density func-
tions of Xi and (Xi,X j), respectively, j > i = 1, ...,n. The inclusion probabilities are
defined as follows:
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π(x) =
n

∑
i=1

fi(x), π(x,x′) =
n

∑
i=1

n

∑
j=1, j 6=i

fi, j(x,x′), x,x′ ∈U. (4.34)

Let f (xi|xi−1,xi−2, ...,x1), i = 1, ...,n− 1 be the conditional density function of
the randomly selected xi value in the i-th draw (provided that the values (xi−1,xi−2, ...,x1)
were drawn earlier). Hence, the density function of the sampling design can be writ-
ten as follows:

f (xi,xi−1, ...,x1) =
n

∏
i=2

f (xi|xi−1,xi−2, ...,x1)

The generalization of the well-known Horvitz-Thompson (1952) statistic into
the continuous case is as follows (see also Cordy (1993)). Let y(x) be the integrable
function y : U → R. The parameter of the populations is defined by:

gy =
∫

U
y(x)dx.

The estimator of gy is:

gy,X = ∑
X={X1,...,Xi,...,Xn}

y(Xi)

π(Xi)
(4.35)

Cordy (1993) proved the following two theorems:

Theorem 4.7. The statistic gy,X is the unbiased estimator for gy, if the function y(x)
is either bounded or non-negative and π(x)> 0 for each x ∈U.

Theorem 4.8. If the function y(x) is bounded, π(x) > 0 for each x ∈ U, and∫
U (1/π(x))dx < ∞, then

V (gy,X) =
∫

U

y2(x)
π(x)

+
∫

U

∫
U

y(x)y(x′)
π(x,x′)−π(x)π(x′)

π(x)π(x′)
dxdx′.

When, in addition, π(xi,x j) > 0 for all xi,x j ∈ U, i 6= j = 1, ...,n, the unbiased
estimator of the above variance is:

VX(gy,X) = ∑
X={X1,...,Xi,...,Xn}

y2(Xi)

π2(Xi)
+

+ ∑
X={X1,...,Xi,X j ...,Xn}

y(Xi)y(X j)
π(Xi,X j)−π(Xi)π(X j)

π(Xi,X j)π(Xi)π(X j)

is the unbiased estimator of V (gy,X).

The book values can be treated as observations of a continuous and positively
valued random variable. The sampling designs based on the continuous auxiliary
variables considered below and the estimator above let us estimate the total error
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amount. Moreover, the estimator lets us construct the statistic in order to verify ap-
propriately formulated hypotheses about the total error amount. The problem of the
distribution of the test statistics can be solved using the appropriate central theo-
rems.

4.3.2 Gradually truncated continuous sampling design

Gradually truncated uniform sampling design

Let us assume that the auxiliary variable is uniformly distributed on the interval
[a;b] where 0≤ a < b. The first value of the auxiliary variable is drawn (generated)
according to the density function of the well-known uniform distribution:

f (x1) =

{
1

b−a , x1 ∈ (a;b),
0, x1 /∈ (a;b).

(4.36)

The next observation is generated from the following truncated uniform distribution:

f (x2|x1) =

{
1

b−x1
, x2 ∈ (x1;b),

0, x2 /∈ (x1;b).

In general, the observation xi is drawn according to the following density function:

f (xi|xi−1) =

{
1

b−xi−1
, xi ∈ (xi−1;b),

0, xi /∈ (xi−1;b),
i = 1, ...,n, x0 = a. (4.37)

This leads to the sampling design defined by the following density function:

f (xn,xn−1, ...,x1) =

{
1

∏
n−1
i=0 (b−xi)

, a = x0 < x1 < x2 < ... < xn < b,

0, otherwice.
(4.38)

The expression (4.37) leads to the following conditional distribution function:

F(xi|xi−1) = P(Xi < xi|xi−1) =


0, xi ∈ (−∞;xi−1],
xi−xi−1
b−xi−1

, xi ∈ (xi−1;b),

1, xi ∈ [b;∞),

i = 1, ...,n. (4.39)

Hence, the sequence {F(xi|xi−1)} defines the sampling scheme that implements
the sampling design given by the density function f (xn,xn−1, ...,x1). The random
variable Xi is uniformly distributed on the interval (xi−1,b), so Xi ∼ U(xi−1,b),
i = 1, ...,n. The observation (x1, ...,xn) is generated according to the following in-
verse distribution function:
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xi = F−1(xi|xi−1) = xi−1 +(b− xi−1)ui, i = 1, ...,n, x0 = a (4.40)

where ui, i = 1, ...,n are values of the independently distributed uniform random
variables Ui ∼U(0,1), i = 1, ...,n. The introduced algorithm can be called as grad-
ually left truncated uniform sampling scheme.

In Appendix 6.1.4 we present proof of the following theorem:

Theorem 4.9. The marginal densities of the sampling design f (x1, ...,xn) defined by
expression (4.38) are as follows:

fi(x) =
1

(b−a)Γ (i)
(ln(b−a)− ln(b− x))i−1 =

=
1

(b−a)Γ (i)

i−1

∑
j=0

(−1) j
(

i−1
j

)
lni− j−1(b−a)ln j(b− x), (4.41)

fi, j(x,x′) =
(ln(b−a)− ln(b− x))i−1(ln(b−a)− ln(b− x′)) j−i−1

Γ (i)Γ ( j− i)
, x′ > x,

(4.42)
for i, j = 1, ...,n,i 6= j.

Now let us assume that the first population element is drawn according to the
density function defined by expression (4.36). The second element is drawn from
the following truncated uniform distribution:

f2(x2|x1) =

{
1

x1−a , x2 ∈ (a;x1),

0, x2 /∈ (a;x1).

The observation xi is generated according to the following density function:

f2(xi|xi−1) =

{
1

xi−1−a , xi ∈ (a;xi−1),

0, xi /∈ (a;xi−1),
i = 1, ...,n, x0 = a. (4.43)

Hence, the sampling design defined by the following density function:

f2(xn,xn−1, ...,x1) =

{
1

∏
n−1
i=0 (xi−a)

, b = x0 > x1 > x2 > ... > xn > a,

0, otherwise.
(4.44)

The conditional distribution functions, denoted by F2(xi|xi−1) = P(Xi < xi|xi−1), are
as follows:

F2(xi|xi−1) =


0, xi ∈ (−∞;a],
xi−xi−1
xi−1−a , xi ∈ (a;xi−1),

1, xi ∈ [b;∞),

i = 1, ...,n. (4.45)
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Hence, the sequence of the above conditional probability distribution function is the
sampling scheme implementing the sampling design defined by the density func-
tion f2(xn,xn−1, ...,x1). Now the value xi is the observation of the random variable
Xi uniformly distributed on the interval (a;xi−1), so Xi ∼U(a;xi−1), i = 1, ...,n. The
observation (x1, ...,xn) can be generated according to the following inverse distribu-
tion function:

xi = F−1
2 (xi|xi−1) = xi−1 +(xi−1−a)ui, i = 1, ...,n, x0 = a (4.46)

where ui, i = 1, ...,n are values of independently distributed uniform random vari-
ables Ui ∼U(0,1), i = 1, ...,n. The constructed algorithm can be called as gradually
right truncated uniform sampling scheme.

Theorem 4.10. The marginal densities of the sampling design f2(x1, ...,xn) defined
by expression (4.44) are as follows

f2,i(x) =
(ln(b−a)− ln(x−a))i−1

(b−a)Γ (i)
=

=
1

(b−a)Γ (i)

i−1

∑
j=0

(−1) j
(

i−1
j

)
lni− j−1(b−a)ln j(b− x), (4.47)

f2,i, j(x,x′) =
(ln(b−a)− ln(x−a))i−1(ln(b−a)− ln(x′−a)) j−i−1

(b−a)(x−a)Γ (i)Γ ( j− i)
(4.48)

for x′ < x, i, j = 1, ...,n,i 6= j.

This theorem can be proved similarly to Theorem 4.9.
The above both theorems enable inference on the basis of the Horvitz-Thompson

statistic redefined in the previous subsection.

Gradually truncated exponential sampling design

Let us assume that the first population element is drawn according to the density
function of the well-known simple exponential distribution:

f (x1) =

{
λe−(x1−c), x1 ≥ c > 0,
0, x1 < c.

(4.49)

The second element is drawn from the following truncated exponential distribution:

f (x2|x1) =

{
λe−λ (x2−x1), x2 ≥ x1,

0, x2 < x1.

Generalizing this process, we have:
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f (xi|xi−1) = f (xi|xi−1, ...,x1) =

{
λe−λ (xi−xi−1), xi ≥ xi−1,

0, xi < xi−1.
i = 2, ...,n. (4.50)

Hence, the above expression leads to the conclusion that the density function of the
sampling design is as follows:{

f (xn,xn−1, ...,x1) = λ ne−λ (xn−c), c≤ x1 ≤ x2 ≤ ...≤ xn,

0 otherwise.
(4.51)

In Appendix 6.1.5 the following theorem is proved:

Theorem 4.11.{
fi(x) = λ i

Γ (i) (x− c)i−1e−λ (x−c), x≥ c

0, x < c.
i = 1, ...,n. (4.52)

{
f j,i(x,z) = λ j

Γ (i)Γ ( j−i) (z− c)i−1(x− z) j−i−1e−λ (x−c), x > z > c

0, otherwise.
(4.53)

for j > i = 1, ...,n.

Hence, the function fi(x) is the well-known density function of the well-known
gamma probability distribution with a shape parameter equal to i and rate equal to
λ . In this case, E(X) = i

λ
, V (X) = i

λ 2 , and the skewness and kurtosis coefficients
are equal to 2√

λ
and 6

λ
, respectively.

The sampling scheme is determined by the conditional probabilities: F(xi|xi−1),
i = 1, ...,n where

F(xi|xi−1) =
∫ xi

xi−1

f (xi|xi−1)dxi =−eλxi−1

∫ xi

xi−1

e−λxdx =

=−eλxi−1

∫ −λxi

−λxi−1

ezdz = 1− e−λ (xi−xi−1).

Finally we obtain:

F(xi|xi−1) =

{
0 for x < c,
1− e−λ (xi−xi−1) for x≥ c.

(4.54)

The inverse function to the distribution ui = F(xi|xi−1) is as follows:

F−1(xi|xi−1) = xi = xi−1−
ln(1−ui)

λ
, i = 1, ...,n. (4.55)

where ui, i = 1, ...,n are values of the independently distributed uniform random
variables Ui ∼U(0,1), i = 1, ...,n. The introduced algorithm can be called as grad-
ually left truncated exponential sampling scheme.
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Gradually truncated Pareto sampling design

Let us suppose that the first population element is drawn according to the density
function of the well-known Pareto distribution:

f (x1) =

{
aca

xa+1
1

, x1 ≥ c,

0, x1 < c.
(4.56)

The second element is drawn from the following truncated Pareto distribution:

f (x2|x1) =

{ axa
1

xa+1
2

, x2 ≥ x1,

0, x2 < x1.

Generalizing this process, we have:

f (xi|xi−1) = f (xi|xi−1, ...,x1) =


axa

i−1
xa+1

i
, xi ≥ xi−1,

0, xi < xi−1,
i = 1, ...,n. (4.57)

where x0 = c, f (x1|c) = f (x1). Therefore, the above expression leads to the conclu-
sion that the density function of the sampling design is as follows:

f (xn,xn−1, ...,x1) = f (x1)
n

∏
i=2

f (xi|xi−1, ...,x1) =

=
anca

xa+1
n ∏

n−1
i=1 xi

, c≤ x1 ≤ x2 ≤ ...≤ xn. (4.58)

In Appendix 6.1.6 the following theorem is proved:

Theorem 4.12.{
fi(x) = ai

Γ (i)c

( c
x

)a+1 lni−1
( x

c

)
, x≥ c

0, x < c,
i = 1, ...,n, (4.59)

{
f j,i(z,x) = a jca

Γ (i)Γ ( j−i)za+1 ln(i−1)
( x

c

)
ln j−i−1

( z
x

)
, z≥ x

0, otherwise
(4.60)

for j > i = 1, ...,n.

The above theorem and expression (4.34) lead to the following:

π(x) =
ca

xa+1

n

∑
i=1

ai

Γ (i)
lni−1

(x
c

)
. (4.61)

The sampling scheme is determined by the sequence of the conditional probabil-
ity distribution functions: F(xi|xi−1), i = 1, ...,n where
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F(xi|xi−1) =
∫ xi

xi−1

f (xi|xi−1)dxi = axa
i−1

∫ xi

xi−1

x−a−1dx =
(

1−
(

xi−1

xi

)a)
.

Finally:

F(xi|xi−1) =

{
0 for xi < xi−1,

1−
(

xi−1
xi

)a
for x≥ xi−1,

i = 1, ...,n. (4.62)

The inverse function to the distribution ui = F(xi|xi−1) is as follows:

F−1(xi|xi−1) = xi = xi−1 (1−ui)
− 1

a , i = 1, ...,n x0 = c. (4.63)

where ui, i = 1, ...,n are values of the independently distributed uniform random
variables Ui ∼U(0,1), i = 1, ...,n.

The defined algorithm can be called as gradually left truncated Pareto sampling
scheme.

Example 1. Let us consider the following functions y1(x) = x2, y2(x) = x and
y3(x) =

√
x defined on the interval U = [0;1]. Our purpose is the estimation of the

following parameters:

g1 =
1
3
, g2 =

1
2
, g2 =

2
3

where gi =
∫ 1

0
yi(x)dx i = 1,2,3.

Firstly let us suppose that the simple random sample of the size n is selected
according to the uniform distribution on the interval (0;1). Its distribution function
we denote by F0(x) and it is shown by expression (4.39) for xi−1 = 0 and b = 1. The
distribution functions Fi(y) of the random variables Yi = yi(X) are as follows:

F1(y) =


0 for y≤ 0,
√

y for y ∈ (0;1), and E(Y1) =
1
3 , V (Y1) =

4
45 ,

1 for y≥ 1,

F2(y) = F0(y) where F(.) is defined above and E(Y2) =
1
2
, V (Y2) =

1
12

,

F3(y) =


0 for y≤ 0,
y2 for y ∈ (0;1), and E(Y3) =

2
3 , V (Y3) =

1
18 ,

1 for y≥ 1.

Let x = (x1, ...,x j, ...,xn) be the simple random sample of size n drawn from
the distribution F0(x). The above results lead to conclusion that the parameters gi,
i = 1,2,3, can be estimated on the basis of the following simple random sample
means:

ȳi,n =
1
n

n

∑
j=1

yi(x j), i = 1,2,3.
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It is easy to show that

E(ȳi,n) = gi, V0,i =V (ȳi,n) =
1
n

V (y(x)), i = 1,2,3. (4.64)

Now let us take into account the sampling designs and schemes defined by the
expressions (4.38) and (4.40) under the assumption that a = 0, b = 1. The parame-
ters gi, i = 1,2,3, are estimated by means of the above defined Horvitz-Thompson
statistic, given by (4.35). The variances of this statistic under the considered sam-
pling designs can be calculated by means of Theorems 4.7 - 4.9.

In our case we asses the variances on the basis of the following simulation experi-
ment. Let x be samples of size n drawn according to gradually left truncated uniform
sampling schemes defined by the conditional distribution functions Fk(xi|xi−1), de-
fined by (4.40).

The sample x is independently replicated t = 1, ...,10000-times. Next, values of
the estimator gy,i(x), given by (4.35), are calculated and the variance is assessed in
the following way:

V∗i =V∗(gy,i(x)) =
1

10000

10000

∑
k=1

(gy,i(x)−gi)
2 (4.65)

Finally, the evaluated variances are compared with the variance of the simple
random sample by means of the following well known relative efficiency coefficient:

ei =
V∗i
V0,i

, i = 1, ...,5.

Table 4.1 The relative efficiency (%) of the estimation under the gradually left truncated uniform
sampling schemes.

n g1 g2 g3

2 37 57 29
3 31 321 81
4 63 718 203
Source: own calculations.

Analysis of Table 4.1 let us conclude that the left gradually truncated sampling
design is more efficient than the ordinary simple random sampling only in the case
of the sample size equal to 2 in the case of all considered parameters. Moreover, the
relative efficiency coefficient decreases when the sample size increases. Hence, the
left truncated sampling scheme can be useful on the second stage of the two stages
sampling design.





Chapter 5
Substantive tests based on mixture distributions

In this chapter a set of items with non-zero error amounts is a domain in the account-
ing population. Similarly like in Subsection 1.2, book amounts are treated as values
of a random variable whose distribution is a mixture of the distributions of correct
(true) amount and the distribution of the amount contaminated by the error. The mix-
ing coefficient is equal to the proportion of the items with non-zero error amounts. A
mixture of two Poisson distributions is taken into account. The well-known method
of moments is proposed to estimate the mixtures of probability distributions. This
lets us construct some statistics in order to test the outlined hypotheses. Moreover,
the well-known ratio likelihood method of inference is considered. The main results
of the chapter are evaluated using the model approach, including the Bayesian rules
of statistical inference. Moreover, the design-based approach as well as the mixed
model-design approach are taken into account.

5.1 Model of accounting observations

Let F0(y|θ 0) be the probability distribution function of the random variable Y ,
whose values are true accounting values (amounts) and θ 0 ∈Θ 0 where Θ 0 is the
parameter space. The values of the random variable W can be treated as accounting
amounts contaminated by the errors. The distribution function of W is denoted by
F1(w|θ 1), where θ 1 ∈Θ 1. Moreover, let Θ =Θ 0∪Θ 1.

Let us suppose that an accounting error appears with probability p. Formally, we
can write Z = 1 when an accounting error occur and Z = 0 when it does not occur.
We assume that P(Z = 1) = p and P(Z = 0) = 1− p.

Let the values of the random variable X be the observations of the accounting
amounts generated as follows. X =Y when Z = 0 and X =W when Z = 1, see Sub-
section 1.2. Therefore, F(x|Z = 0) = F0(x|θ0) and F(x|Z = 1) = F1(w|θ1). Finally,
according to the well-known total probability theorem we have:

F(x) = F(x|Z = 0)P(Z = 0)+F(x|Z = 1)P(Z = 1)

91
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F(x) = P(X < x) = P(X < x,Z = 0)+P(X < x,Z = 1) =
= P(X < x|Z = 0)P(Z = 0)+P(X < x|Z = 1)P(Z = 1) =
= P(Y < x|Z = 0)P(Z = 0)+P(W < x|Z = 1)P(Z = 1) =

= F(x|Z = 0)P(Z = 0)+F(x|Z = 1)P(Z = 1)

and finnally
F(x|θ) = (1− p)F0(x|θ 0)+ pF1(x|θ 1) (5.1)

where θ = θ 0∪θ 1 and θ ∈Θ =Θ 0∪Θ 1 is the parameter space. Hence, the prob-
ability distribution of observed accounting amounts is a mixture of the distribution
function F0(x|θ 0) of the true amounts and the distribution function F1(x|θ 1) of the
amounts contaminated by the errors. Let us note that the above model for generat-
ing values of the random variable X in some sense reminds us of Schrödinger’s cat
(1935), which is used to explain of observations in quantum physics.

When the random variables Y and W are continuous, by differentiating both sides
of equation (5.1) we have:

f (x|θ) = (1− p) f0(x|θ 0)+ p f1(x|θ 1). (5.2)

Therefore, the probability density of observed accounting amounts is the mixture of
the density f0(x|θ 0) of the true amounts and the density f1(x|θ 1) of the amounts
contaminated by the errors. Another model based on mixture distributions consid-
ered by Kaplan (1973).

In the case of discrete probability distribution we have:

P(X = x|θ) = (1− p)P(X = x|Z = 0,θ 0)+ pP(X = x|Z = 1,θ 1) =

= (1− p)P0(Y = x|θ 0)+ pP1(W = x|θ 1) (5.3)

Let D and Y be independent where D is the accounting error. Hence:

W = Y +D, X = Y +ZD, X = (1−Z)Y +ZW.

Let us suppose that an accounting error d = 0 with probability 1− p. When d 6= 0,
then the accounting error is distributed according the density function denoted by
f2(d|θ 2). Hence, the distribution of the accounting error can be defined as follows:

f3(d|θ 2, p) = p f2(d|θ 2)I(d)+(1− p)(1− I(d))

where I(d) = 1 when d 6= 0 and I(d) = 0 when d = 0. The above density (in a more
general context) was considered by Kvanli et al. (1998) and Chen et al. (1998).

The basic moments of the random variable X are, see Appendix 6.1.7:

E(X) = pE(X |Z = 1)+(1− p)E(X |Z = 0) = pE(W )+(1− p)E(Y ), (5.4)
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V (X) = p(1− p)((E(X |Z = 1)−E(X |Z = 0))2+

+ pV (X |Z = 1)+(1− p)V (X |Z = 0) =

= p(1− p)(E(W )−E(Y ))2 + pV (W )+(1− p)V (Y ), (5.5)

C3(X) = p(E(X |Z = 1)−E(X))3 +(1− p)(E(X |Z = 0)−E(X))3+

+3p(E(X |Z = 1)−E(X))V (X |Z = 1))+
+3(1− p)(E(X |Z = 0)−E(X))V (X |Z = 0))+

+ pC3(X |Z = 1)+(1− p)C3(X |Z = 0) =

= p(1− p)(1−2p)(E(W )−E(Y ))3−3p(1− p)(E(W )−E(Y ))V (Y )+

+3p(1− p)(E(W )−E(Y ))V (W )+ pC3(W )+(1− p)C3(Y ), (5.6)

C4(X) = p(E(X |Z = 1)−E(X))4 +(1− p)(E(X |Z = 0)−E(X))4+

+6p(E(X |Z = 1)−E(X))2V (X |Z = 1))+

+6p(1− p)(E(X |Z = 0)−E(X))2V (X |Z = 0))+
+4p(E(X |Z = 1)−E(X))C3(X |Z = 1))+

+4p(1− p)(E(X |Z = 0)−E(X))C3(X |Z = 0))+
+ pC4(X |Z = 1)+(1− p)C4(X |Z = 0) =

= p(1− p)(3p2−3p+1)(E(W )−E(Y ))+6p(1− p)2(E(W )−E(Y ))2V (W )+

+6p2(1− p)V (Y )−4p(1− p)(E(W )−E(Y ))C3(W )+

+4p(1− p)(E(W )−E(Y ))C3(Y )+ pC4(W )+(1− p)C4(Y ) (5.7)

where Cr(X |Z = k) = E((X−E(X |Z = k))r|Z = k), k = 0,1, r = 0,1,2, ..., C2(...) =
V (...).

We assume that the elements of the random vector X = XU = [X1...XN ] are
attached to the appropriate population elements. Before auditing, we assume that
the elements of the vector X = [X1,X2, ...,XN ] are independent and identically dis-
tributed random variables. Let an auditor arbitrarily select the sample s of size n
where the sub-vector Xs of XU , n ≤ N is observed. The random vector X s is ob-
served in s where the objects are controlled. After the auditing process, the sample s
is split into two disjoint sub-samples s0 and s1, where s0∪s1 = s. The set s1 is of size
n1 = k and the set s0 is of size n0 = n−k. In the sub-sample s0, there are accounting
amounts observed without errors. These are values of the random variables denoted
by {Xi = Yi, i ∈ s} or Xs0 = Xs0 . In the sub-sample s1, accounting amounts contam-
inated by the errors are observed as values of the random variables {Wi, i ∈ s1} or
Xs1 = Xs1 .

Therefore, after the auditing process we have observations of the following data:

XU = {Xi : i ∈U}= (X s,XU−s)



94 5 Substantive tests based on mixture distributions

where
Xs = {Xi : i ∈ s}, XU−s = {Xi : i ∈U− s}

and
XU = (X s,XU−s) where X s = {(Xi,Zi) : i ∈ s}.

Finally, let Di be the accounting errors observed in the sub-sample s1.
Using the model approach, our purpose is to test the hypothesis about the ex-

pected value of the following difference between the sum observed in the popula-
tion of accounting amounts and the sum of the true values of those amounts. On the
basis of equation (5.4) we have:

τ(θ) = E

(
∑
i∈U

Xi−∑
i∈U

Yi

)
= N(E(X |θ)−E(Y |θ 0)) =

= N(E(X |θ)−E(X |Z = 0,θ 0)) = N p(E(X |Z = 1,θ 1)−E(X |Z = 0,θ 0)) =

= N p(E(X |θ1)−E(Y |θ0)) = N p(E(W |θ 1)−E(Y |θ 0)).

Hence:

τ(θ) = Nτ̄(θ) where τ̄(θ) = E(X |θ)−E(Y |θ 0) = p(E(W |θ 1)−E(Y |θ 0)).
(5.8)

The hypotheses considered in chapter 1 can be rewritten as follows

H0 : τ̄(θ) = τ̄0, H1 : τ̄(θ) 6= τ̄0 (5.9)

On the basis of expression (5.2) and the above results, we can derive the follow-
ing likelihood function:

L(X U |θ) = L(X s|θ)L(XU−s|θ)

where

L(X s|θ) = ∏
i∈s

[P(Z = 1) f1(xi|θ1)]
zi [P(Z = 0) f0(xi|θ0)]

1−zi =

= ∏
i∈s

pzi f zi
1 (xi|θ1)(1− p)1−zi f 1−zi

0 (xi|θ0) =

= ∏
i∈s

pzi f zi
1 (wi|θ1)(1− p)1−zi f 1−zi

0 (yi|θ0),

L(XU−s|θ) = ∏
i∈U−s

f (yi|θ).

Hence:

L(X U |θ)) = ∏
i∈s

pzi f zi
1 (wi|θ 1)(1− p)1−zi f 1−zi

0 (yi|θ 0) ∏
i∈U−s

f (yi|θ). (5.10)

Its logarithmic version is:
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l (X U |θ)) = ln(p)∑
i∈s

zi + ln(1− p)∑
i∈s

(1− zi)+∑
i∈s

ziln( f1(xi|θ 1))+

+∑
i∈s

(1− zi)ln( f0(xi|θ 0))+ ∑
i∈U−s

ln( f (xi|θ)) =

= kln(p)+(n− k)ln(1− p)+ ∑
i∈s1

ln( f1(xi|θ 1))+ ∑
i∈s0

ln( f0(xi|θ 0))+

+ ∑
i∈U−s

ln( f (xi|θ)). (5.11)

The hypotheses expressed by equation (5.9) can be verified by means of the well-
known likelihood ratio test on the basis of the following statistic:

λs =
supθ∈Θ ,τ̄(θ)=τ̄0

L(X U |θ)
supθ∈Θ L(X U |θ)

. (5.12)

We can expect that when hypothesis H0 is true and N, n, N− n, n0 and n− n0 are
sufficiently large then the statistic Qs = −2ln(λs) is well approximated by the chi-
square distribution with one degree of freedom (see e.g. Silvey (1959)). Hypothesis
H0 is rejected if the value of the test statistic Qs is significantly large.

The well-known maximum likelihood method or method of moments can be used
to estimate the function τ̄(θ). The estimator of that function let us construct test
statistics to verify the above hypotheses. This problem is considered in details in the
next subsections.

5.2 Inference on the basis of the Poisson distribution

5.2.1 Basic properties

In the previous subsection it was assumed that values of the random variable Y are
treated as true accounting amounts. We assume that the variable Y ∼ Pois(a) (the
true accounting amount) and D ∼ Pois(b) (the accounting error) where Pois(λ ) is
the Poisson distribution with the following probability function:

f (k) =
λ k

k!
e−λ for k = 0,1,2, ...

Under the assumption that Y and D are independent, the random variable W =
Y +D∼ Pois(a+b) where values of the random variable W are treated as account-
ing amounts contaminated by the errors. According to the results of the previous
subsection the observed value before the auditing process is defined as the value of
the mixture of the distributions of the variables Y and W . Equation (5.3) leads to the
following results:

f (x|a,b, p) = p f1(x|a,b)+(1− p) f0(x|a) (5.13)
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where

f1(x|a,b) =
(a+b)x

x!
e−a−b, f0(x|a) =

ax

x!
e−a (5.14)

for x=0,1,2,... Therefore, the probability density of observed accounting amounts
is the mixture of the density f0(x|a) of the true amounts and the density f1(x|a,b)
of the amounts contaminated by the errors. Let us suppose that any sample s has
not been selected form the population in order to audit its elements. So, in this case,
s = ∅. In this situation, it is possible to test the hypothesis stated by expression
(5.9) about the total audit error on the basis of the estimators of the parameters a, b
and p. They can be derived using the well-known method of moments or maximum
likelihood method.

5.2.2 Inference on the basis of sample moments

As is well-known, the moments of Ψ ∼ Pois(λ ) are as follows:

E(Ψ) =V (Z) =C3(Z) = λ , E(Ψ 2) = λ (1+λ ), E(Ψ 3) = λ (1+λ )2. (5.15)

Firstly, let us assume that the sample s is empty. In this situation expressions (5.3)-
(5.5) and (5.14)-(5.15) lead to the following results:

E(X) = a+ pb,
V (X) = a+ pb+ p(1− p)b2,

C3(X) = a+ pb+3p(1− p)b2 + p(1− p)(1−2p+2p2)b3.

(5.16)

The moments are estimated as follows:

X̄e,s =
1
n ∑

i∈s
Xe

i , Ce,s(X) =
1
n ∑

i∈s
(Xi− X̄U )

e, s⊆U.

Particularly when s =U :

X̄1,U = X̄U , C2,U (X) =VU (X).

The well-known method of moments and the above expressions lead to the follow-
ing system of equations:

X̄U = a+ pb,
VU (X) = a+ pb+ p(1− p)b2,

C3,U (X) = a+ pb+3p(1− p)b2 + p(1− p)(1−2p+2p2)b3.

The solution of this system provides the consistent estimators of the parameters a,
b and p. In Appendix 6.1.8 the following solution of the above system is derived:
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p1,U = 1−

√
1−4zU
2 or p2,U = 1+

√
1−4zU
2 , provide zU ≤ 1

4 ,

ai,U = X̄U − pi,U bU , i = 1,2,

bi,U =
√

VU (X)−X̄U
pi,U (1−pi,U ) , i = 1,2

(5.17)

where

zU =
1
2
+

1−
√

8AU +1
8AU

, for 0 < AU < 1,

AU =
(VU (X)− X̄U )

3

(C3,U (X)−3VU (X)+2X̄U )2 > 0.

On the basis of equations (5.8), (5.15) and (5.16) we have τ̄ = E(X |a,b, p)−
E(Y |a) = pb. This and expression (5.17) let us construct the following test statistic
for hypothesis (5.9):

Gi,U =
pi,U bi,U − τ̄√
Vs(pi,U bi,U )

(5.18)

where Vs(pi,U bi,U ) for i = 1,2 are consistent estimators of the variance V (pi,U bi,U ).
The estimator Vs(pi,U bi,U ) can be constructed by means of the well-known boot-
strap method (see Efron (1979)). Moreover, let us note that expression (5.17) leads
to the conclusion that the statistics pi,U and bi,U are the functions of the moments
X̄U , VU (X) and C3(X), which can be denoted by f (X̄U ,VU (X),C3(X)). So, the es-
timator of the variance V (pi,U bi,U ) can be evaluated by means of the well-known
method of moments and the Taylor expansion of the function f (X̄U ,VU (X),C3(X))
(see e.g. Cramér (1946) or Rao (1973)). The central theorems let us show that under
sufficiently large N, N−n and n, the test statistics Zi,U , i = 1,2 have asymptotically
normal distributions which let us verify hypothesis (5.9).

Now let us consider a situation where the sample s is not empty. Firstly, we
assume that all accounting amounts observed in the sample s are free from errors.
Hence, k = 0. In this case, the parameters a, b and 0 < p < 1 can be estimated on
the basis of the following equations:

E(Y ) = a,
E(X) = a+ pb,
V (X) = a+ pb+ p(1− p)b2.

After replacing the moments of the random variable with the appropriate sample
moments, we have: 

Ȳs = as,

X̄U−s = as + pb,
VU−s(X) = X̄U−s + p(1− p)b2

where Ȳs =
1
n ∑i∈s Xe

i . The solution of the above system is as follows:
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as = Ȳs,

bs =
(X̄U−s−Ȳs)

2+VU−s(X)−X̄U−s
X̄U−s−Ȳs

,

ps =
(X̄U−s−Ȳs)

2

(X̄U−s−Ȳs)2+VU−s(X)−X̄U−s
,

(5.19)

provided that X̄U−s > Ȳs and VU−s(X)≥ X̄U−s.
Expression (5.8), (5.15), (5.19) lead to the following estimator of parameter τ̄ =

E(X |a,b, p)−E(Y |a) = pb:

T̄s = psbs = X̄U−s− Ȳs.

The statistic T̄s is the unbiased estimator of the parameter τ̄ . Finally, we have the
following test statistic of the hypothesis (5.9):

G1,s =
T̄s− τ̄√
Vs(T̄s)

(5.20)

When hypothesis H0 is true and the sizes N and N − n are sufficiently large the
statistic G1,s has asymptotically normal distribution.

When 0 < k ≤ n < N and 0 < p < 1 we have:
τ̄ = E(X)−E(Y ) = pb,
E(X) = a+ pb,
V (X) = a+ pb+ p(1− p)b2.

This leads to the following:
T̄s = X̄s− Ȳs = pb,
X̄U = a+ pb,
VU (X) = a+ pb+ p(1− p)b2,

T̄s = X̄s− Ȳs = pb,
X̄U = a+ pb,
VU (X) = X̄U + 1−p

p T̄ 2
s .

Hence, the estimators of the parameters are:
as = X̄U − psT̄s,

bs =
T̄s
ps
,

ps =
D̄2

s
D̄2

s+VU (X)−X̄U
,

(5.21)

provided that VU (X)≥ X̄U .
Finally, when 0 < k ≤ n ≤ N, we have the following test statistic for hypothesis

(5.9):
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G2,s =
T̄s− τ̄√
Vs(T̄s)

. (5.22)

When hypothesis H0 is true and the sizes N, n and N− n are sufficiently large the
test statistic G2,s has asymptotically normal distribution.

5.2.3 Inference on the basis of the likelihood function

Expressions (5.13) - (5.14) lead to the following log-likelihood function:

l(X U ,a,b, p) = kln(p)+(n− k)ln(1− p)−na− kb+ ln(a) ∑
i∈s0

xi+

+ ln(a+b) ∑
i∈s1

xi−∑
i∈s

ln(xi!)+ ∑
i∈U−s

ln( f (xi|a,b, p)). (5.23)

The derivatives of this function are as follows:

∂ l(X U ,a,b, p)
∂a

=
1
a ∑

i∈s0

xi +
1

a+b ∑
i∈s1

xi−n+

+ ∑
i∈U−s

(1− p)( xi
a −1) f0(xi|a,b, p)+ p( xi

a+b −1) f1(xi|a,b, p)
f (xi|a,b, p)

,

∂ l(X U ,a,b, p)
∂b

= p ∑
i∈U−s

( xi
a+b −1) f1(xi|a,b, p)

f (xi|a,b, p)
+

1
a+b ∑

i∈s1

xi− k,

∂ l(X U ,a, p)
∂ p

=
k
p
− n− k

1− p
+ ∑

i∈U−s

f1(xi|a,b, p)− f0(xi|a,b, p)
f (xi|a,b, p)

.

Particularly, when U = s we have:

l(X s,a,b, p) = kln(p)+(n− k)ln(1− p)−na− kb+ ln(a) ∑
i∈s0

xi+

+ ln(a+b) ∑
i∈s1

xi−∑
i∈s

ln(xi!). (5.24)

In Appendix 6.1.9 it is proved that the following statistics:

âs = X̄s0 = Ȳs0 , b̂s = X̄s1 − X̄s0 = X̄s1 − Ȳs0 , p̂s =
k
n

(5.25)

are the maximum likelihood estimators of the parameters a, b and p, respectively
provided 0 < n < N, X̄s1 > p̂2

s (1− p̂s) and X̄s1 − Ȳs0 > 0.
Hypothesis (5.9) can be tested by means of the following statistic:
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G3,s =
τ̂s− τ̄√
Vs(τ̂s)

where
τ̂s = p̂s(X̄s1 − Ȳs0),

On the basis of the appropriate central theorems we can expect that under the suffi-
ciently large sub-sample sizes k and n− k the statistic G3,s is well approximated by
normal distribution.

Let us suppose that the values of the parameters b and p are specified separately
according to the following hypotheses:

H ′0 : E(R) = b = b0 and p = p0, H ′1 : b 6= b0 or p 6= p0.

In this case, assuming that U = s, expressions (5.12) (5.24) lead to the following
likelihood ratio test statistic:

Q1,s =−2ln(λ1,s)

where

λ1,s =
l (X U |a2s,b0, p0)

l
(
X U |âs, b̂s, p̂s

) ,
a2,s =

X̄s−b0

2
+

1
2n

√
n2(X̄s−b0)+4n(n− k)X̄s0b0.

and âs, b̂s, p̂s are given by (5.25). a2,s is obtained as a solution of the equation
∂ l(a,b0,p0)

∂a = 0. The test statistic Q1,s has approximately chi-square distribution with
two degrees of freedom when hypothesis H0 is true and the sample size is suffi-
ciently large. The hypothesis H ′0 is rejected when value of Q1,s is significantly large.

In the considered case of the Poisson model the ratio likelihood test statistic
defined by (5.12) takes the following form:

λ2,s =
sup{0<p<1,a>0,b>0,0<p<1,pb=τ0}l (X U |a,b, p)

l
(
X U |âs, b̂s, p̂s

) .

When the hypothesis (5.9) is true and N, N−n and n are sufficiently large, then the
statistic

Q2,s =−2ln(λ2,s)

has chi-square distribution with one degree of freedom. The hypothesis defined by
(5.9) is rejected when Q2,s takes significantly large value.
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5.2.4 Bayesian approach

The Bayesian approach is considered in order to model the parameters of the distri-
bution of auditing errors (see e.g. Sorensen (1969) or Statistical models... (1989)).
Let us assume that the parameter b of Poisson distribution f1(x|a,b) defined by ex-
pression (5.14) has gamma distribution Γ (ν ,θ) with the following density function:

g(b|ν ,θ) = θ ν

Γ (ν)
bν−1e−θb (5.26)

where ν > 0 and θ > 0 are known parameters. Therefore, Γ (ν ,θ) is the prior dis-
tribution of the parameter b. Moreover, let the well-known beta distribution B(η ,κ)
be the prior distribution of probability p. Hence, the density function of the random
variable p is:

t(p) =
Γ (κ +η)

Γ (η)Γ (κ)
pη−1(1− p)κ−1 (5.27)

where
Γ (η) =

∫
∞

0
uη−1e−udt.

We assume that p and b are independently distributed.
Let us consider the particular case when U = s. In this situation the likelihood

function (see the expression (5.10)) is as follows:

L(X s|a,b, p) = pk(1− p)n−k
∏
i∈s0

f0(yi|a) ∏
j∈s1

f1(w j|a,b). (5.28)

The posterior distribution of b and p under the fixed observation X s (which is
evaluated in the Appendix 6.1.10) is as follows:

q(b, p|X s,a,ν ,θ ,η ,κ) = q1(b|X s,a,ν ,θ ,η ,κ)q2(p|X s,a,ν ,θ ,η ,κ) (5.29)

where

q1(b|X s,a,ν ,θ ,η ,κ) =
bν−1e−(k+θ)b(a+b)m

∑
m
h=0
(m

h

)
ah Γ (m+ν−h)

(k+θ)m+ν−h

=

=
e−(k+θ)b

∑
m
h=0
(m

h

)
ahbm+ν−h−1

∑
m
h=0
(m

h

)
ah Γ (m+ν−h)

(k+θ)m+ν−h

, (5.30)

q2(p|X s,a,ν ,θ ,η ,κ) =
Γ (n+η +κ)

Γ (k+η)Γ (n− k+κ)
pk+τ−1(1− p)n−k+κ−1. (5.31)

Hence, the posterior distributions of b and p under the fixed X s are independent.
According to the framework of Bayesian inference the hypotheses are formulated

as follows:
H0 : τ̄ ≤ τ̄1, H1 : τ̄ > τ̄1 (5.32)
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where τ̄ = pb. Let c0 be the loss generated by accepting H0, when H1 is true. Let
c1 be the loss generated by rejecting H0, when it is true. This means that the ob-
served admissible total accounting error is not accepted. In our case, according to
the general Bayesian rule of testing statistical hypotheses (see e.g. Krzyśko (2004))
the following posterior probabilities are evaluated:

P(τ̄ = pb≤ τ̄1|X s,a,ν ,θ ,η ,κ). (5.33)

So, c1P(τ̄ ≤ τ̄1|X s,a,ν ,θ ,η ,κ) is the risk of accepting hypothesis H1 when H0 is
true. Moreover, c0P(τ̄ > τ̄1|X s,a,ν ,θ ,η ,κ) is the risk of accepting H0 when H1 is
true. The decision rule is as follows. Hypothesis:
H0 is rejected when c1P(τ̄ ≤ τ̄1|X s,a,ν ,θ ,η ,κ)≤ c0P(τ̄ > τ̄1|X s,a,ν ,θ ,η ,κ),
H0 is accepted when c1P(τ̄ ≤ τ̄1|X s,a,ν ,θ ,η ,κ)> c0P(τ̄ > τ̄1|X s,a,ν ,θ ,η ,κ).
This decision rule is equivalent to the following:
H0 is rejected when P(τ̄ ≤ τ̄1|X s,a,ν ,θ ,η ,κ)≤ c0

c0+c1
= r,

H0 is accepted when P(τ̄ ≤ τ̄1|X s,a,ν ,θ ,η ,κ)> r. Let us note that if c0 = c1, then
r = 0.5.

The next decision rule is based on the following Bayes factor (see, e.g. Robert
(2007), pp. 227):

B f =
P(τ̄ ≤ τ̄1|X s,a,ν ,θ ,η ,κ)P(τ̄ > τ̄1|a,ν ,θ ,η ,κ)

P(τ̄ > τ̄1|X s,a,ν ,θ ,η ,κ)P(τ̄ ≤ τ̄1|a,ν ,θ ,η ,κ)
. (5.34)

Let l = loge(B f ). The decision rule is as follows (see Lodewyckx et al. (2011),
compare Raftery (1995)):

If 0 < l ≤ 1, there is weak support for H0,
if 1 < l ≤ 3, there is positive support for H0,
if 3 < l ≤ 5, there is strong support for H0,
if l > 5, there is very strong support for H0.
Other scales are considered e.g. by Kass and Raftery (1995).
Finally, let us note that P(τ̄ = pb ≤ τ̄1|X s,a,ν ,θ ,η ,κ) is evaluated (see Ap-

pendix 6.1.10) as follows:

P(τ̄ = pb≤ τ̄1|X s,a,ν ,θ ,η ,κ) = P
(

b≤ τ̄1

p
|X s,a,ν ,θ ,η ,κ

)
=

=
Γ (n+η +κ)

Γ (k+η)Γ (n− k+κ)∑
m
h=0
(m

h

)
ah Γ (m+ν−h)

(k+θ)m+ν−h

m

∑
h=0

(
m
h

)
ch

∫ 1

0
Γ

(
m+ν−h,

τ̄1(k+θ)

p

)
pk+η−1(1− p)n−k+κ−1d p (5.35)

where Γ

(
m+ν−h, τ̄1(k+θ)

p

)
is the incomplete gamma function and

ch =
ah

(k+θ)m+ν−h−1 .
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In order to evaluate the above integrals the appropriate numerical methods have to
be applied.

5.3 Model-design approach

The design-based approach to testing the hypothesis about total audit error is widely
considered in Chapter 4. Here, the so-called model-design approach is taken into
account.

Similarly to the previous sections, let the amount value xi be the value of the
random variables Xi, k = 1, ...,N. Moreover, let all assumptions stated about the
probability distribution of the random vector XU be still valid. Let the sub-vector
Xs of XU be selected in such a way that s is the sample of size n drawn from the
population U according to the sampling design P(s).

Let us consider a simple random sample drawn without replacement. Under the
assumed model hypothesis (5.9) can be tested on the basis of the following statistic:

G4,S =
XU −YS− τ√
VS(XU −YS)

(5.36)

where
XU = ∑

i∈U
Xi, YS = ∑

i∈S
Yi,

VS(XU −YS) = (N−n)VS(y)+NVS(x− y), (5.37)

VS(y) =
1

n−1 ∑
i∈s

(Yi− ȲS)
2, VS(x− y) =

1
n−1 ∑

i∈s
(Xi−Yi− X̄S + ȲS)

2.

The expression (5.37) is derived in Appendix 6.1.11.
Usually, under some quite weak assumptions and appropriate central theorems

we can infer that the statistic G4,S has asymptotically normal distribution when N→
∞, n→ ∞ and N−n→ ∞.

Let ε = [ε1...εi...εN ] be an N-dimensional binary random variable where εi = 1
or εi = 0 when i ∈ S or i /∈ S, respectively. Hence, S = {i : εi = 1, i = 1, ...,N}.
Moreover, E(εi) = πi, E(ε jεi) = π j,i, j 6= i, j, i = 1, ...,N.

The data involving sampling of the population and auditing the selected sample
can be written as follows (see the section 5.1):

X U,π = (X S0,π ,X S1,π ,X U−S,π)

where S = S0∪S1 and

X S1,π = {(Xi,Yi) : εi = 1,Zi = 1, i ∈U},

X S0,π = {Xi = Yi : εi = 1,Zi = 0, i ∈U},

X U−S,π = {Xi : εi = 0, i ∈U}.
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The likelihood function of the data X U,π is as follows:

L(X U,π |θ) = ∏
i∈U

[
pzi f zi

1 (xi|θ 1)(1− p)1−zi f 1−zi
0 (xi|θ 0)

] εi
πi f

1−εi
1−πi (xi|θ).

The log-likelihood function is:

l (X U,π |θ) = ln(p) ∑
i∈U

εizi

πi
+ ∑

i∈U

εizi

πi
ln( f1(xi|θ 1))+

+ ln(1− p) ∑
i∈U

εi(1− zi)

πi
+ ∑

i∈U

εi(1− zi)

πi
ln( f0(xi|θ 0))+

+ ∑
i∈U

(1− εi)

1−πi
ln( f (xi|θ))

or

l (X U,π |θ) = ln(p) ∑
i∈S1

1
πi

+ ∑
i∈S1

ln( f1(xi|θ 1))

πi
+ ln(1− p) ∑

i∈S0

1
πi
+

+ ∑
i∈S0

ln( f0(xi|θ 0))

πi
+ ∑

i∈U−S

ln( f (xi|θ))
1−πi

.

Let us note that it is easy to show that Ep(l (X U,π |θ)) = l (X U |θ) (see the
expression (5.11)).

The log-likelihood function can be used to test hypothesis (5.9). In particular, in
the case of the Poison distribution considered in subsection 5.1, the log-likelihood
function takes the following form:

l(X U ,a,b, p) = (ln(p)−b) ∑
i∈S1

1
πi

+ ln(1− p) ∑
i∈S0

1
πi
−∑

i∈S

1
πi

a+ ln(a) ∑
i∈S0

xi

πi
+

+ ln(a+b) ∑
i∈S1

xi

πi
−∑

i∈S

ln(xi!)
πi

+ ∑
i∈U−S

ln( f (xi|a,b, p))
1−πi

.

Its expected value is equal to the right side of the expression (5.23).
When s = U the last sum of the above expression disappears. Moreover, the

maximum likelihood estimators of the parameters a, b and p are derived similarly
as in subsection 6.1.9. The estimators are as follows:

AHT,S0 =
∑i∈S0

Xi
πi

∑i∈S0
1
πi

=
∑i∈S0

Yi
πi

∑i∈S0
1
πi

,

BHT,S =
∑i∈S1

Xi
πi

∑i∈S1
1
πi

−aHT,S0 =
∑i∈S1

Wi
πi

∑i∈S1
1
πi

−aHT,S0 , PHT,S =
∑i∈s1

1
πi

∑i∈S
1
πi

.
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It is easy to show that the statistics AHT,s, BHT,s and PHT,s are unbiased estimators
of the parameters a, b and p.

The test statistic of hypothesis (5.9) is constructed in the following way:

G5,S =
τ̃HT,S− τ̄√
VS(τ̃HT,S)

where
τ̃HT,S = PHT,SBHT,S τ̄ = pb.

The estimator of the variance V (τ̃HT,S) denoted by VS(τ̃HT,S), can be constructed
using the bootstrap method. As in section 5.2.2, it is possible to explain that the test
statistic G5,S has asymptotically normal distribution under some additional assump-
tions.





Chapter 6
Appendix

6.1 Proofs of theorems or derivations of expressions

6.1.1 Derivation of expression (1.13)

X = (1−Z)Y +ZW, X = Y +ZD.

Hence:

F(x)=P(X < x)=P(Y +ZD< x)=P(Z = 0)P(Y < x)+P(Z = 1)P(Y +D< x)=

= (1− p)P(Y < x)+ pP(Y +D < x) = (1− p)Fy(x)+ pP(W < x) =

= (1− p)Fy(x)+ pFw(x)

where in the case of the independent discrete random variables Y and D:

Fw(x) = P(W < x) = P(Y +D < x) = ∑
{(d,y):d+y<x}

P(D = d)P(Y = y) =

= ∑
{d}

P(D = d) ∑
{y:y<x−d}

P(Y = t−d) = ∑
{d}

Fy(x−d)P(D = d)

When Y and D are continuous and independent,

Fw(x) = P(W < x) = P(Y +D < x) =
∫
{(u,y):u+y<x}

fd(u) fy(y)dydu =

=
∫

∞

−∞

∫ x−u

−∞

fd(u) fy(y)dydu =
∫

∞

−∞

fd(u)
(∫ x−u

−∞

fy(y)dy
)

du =

=
∫

∞

−∞

Fy(x−u) fd(u)du.

The derivation is based on the well-known rules for transforming random variables
(see e.g Gerstenkorn and Śròdka, (1974) pp. 292 or Krzyśko (2000), pp. 132-133).

107
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6.1.2 Derivation of expressions (3.67) and (3.68)

σ3(Ȳw,s) = E(Ȳw,s−µy)
3 = E

(
H

∑
h=1

(Ȳsh −µh,y)wh

)3

= E

(
H

∑
h=1

Ūshwh

)3

where Ūsh = Ȳsh −µh,s, and E(Ūsh) = 0, V (Ūsh) =
σ2

h,y
nh

. Moreover, the random vari-
ables (Ūs1 , ....,ŪsH ) are independent. Therefore:

σ3(Ȳw,s) = E(Ȳw,s−µy)
3 = E

( H

∑
h=1

Ū3
sh

w3
h +3

H

∑
h=1

H

∑
k=1,k 6=h

Ū2
sh

w2
hŪsk wk+

+
H

∑
h=1

H

∑
k=1,k 6=h

H

∑
t=1,t 6=h,t 6=k

ŪshwhŪsk wkŪst wt

)
=

H

∑
h=1

w3
h

σ3,h,y

n2
h

.

σ4(Ȳw,s) = E(Ȳw,s−µy)
4 = E

(
H

∑
h=1

(Ȳsh −µh,y)wh

)4

=

= E

(
H

∑
h=1

Ūshwh

)3 H

∑
h=1

Ūshwh = E
( H

∑
h=1

Ū4
sh

w4
h +4

H

∑
h=1

H

∑
k=1,k 6=h

Ū3
sh

w3
hŪsk wk+

+3
H

∑
h=1

H

∑
k=1,k 6=h

Ū2
sh

w2
hŪ2

sk
w2

k +6
H

∑
h=1

H

∑
k=1,k 6=h

H

∑
t=1,t 6=h,t 6=k

Ū2
sh

w2
hŪsk wkŪst wt+

+
H

∑
h=1

H

∑
k=1,k 6=h

H

∑
t=1,t 6=h,t 6=k

H

∑
l=1,l 6=h,l 6=k,l 6=t

ŪshwhŪsk wkŪst wtŪsl wl

)
=

=
H

∑
h=1

E(Ū4
sh
)w4

h +3
H

∑
h=1

H

∑
k=1,k 6=h

E(Ū2
sh
)w2

hE(Ū2
sk
)w2

k = 3
H

∑
h=1

w4
h

σ4
h,y

n2
h
+

+
H

∑
h=1

w4
h

σ4,h,y−3σ4
h,y

n3
h

+3
H

∑
h=1

H

∑
k=1,k 6=h

w2
h

σ2
h,y

nh
w2

k
σ2

k,y

nk
=

= 3

(
H

∑
h=1

w2
h

σ2
h,y

nh

)2

+
H

∑
h=1

w4
h

σ4,h,y−3σ4
h,y

n3
h

When in the h-th stratum, the random variable Uh is uniformly distributed on the
interval with length ∆h, h = 1, ...,H, then we can show that:

σ
2
h,y =

∆ 2
h

12
, σ4,h,y =

1
∆h

∫
∆h/2

−∆h/2
u4du =

∆ 4
h

80
, σ4,h,y−3σ

4
h,y =−

∆ 4
h

120

This and the result of the above derivation lead to expression (3.67).
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δ3(Uh) = E|Uh|3 =
1

∆h

∫
∆h/2

−∆h/2
|u|3du =

1
∆h

(
−
∫ 0

−∆h/2
u3du+

∫
∆h/2

0
u3du

)
=

∆ 3
h

32
.

The third absolute central moment of the statistic Ȳw,s is:

δ3(Ȳw,s) = E|Ȳw,s−µy|3 = E|Ūw,s−µy|3 = E

∣∣∣∣∣ H

∑
h=1

Ūshwh

∣∣∣∣∣
3

≤
H

∑
h=1

E
∣∣Ūsh

∣∣3 w3
h ≤

H

∑
h=1

w3
h

n3
h

∑
i∈sh

E|Ui|3 =
H

∑
h=1

w3
h

n2
h

E|Uh|3 =
1

32

H

∑
h=1

w3
h

n2
h

E|∆h|3

Therefore, the standardized third central moment is:

τ3(Ȳw,s) =
δ3(Ȳw,s)

σ3(Ȳw,s)
=

E|Ȳw,s−µy|3

σ3(Ȳw,s)
≤
√

123

32

∑
H
h=1

w3
h

n2
h

E|∆h|3(
∑

H
h=1

w2
h

nh
E|∆h|2

)3/2

This result directly leads to expression (3.68).

6.1.3 Derivation of expression (4.10)

On the basis of expressions (4.8) and (4.9), the derivation of the inclusion probabil-
ities in the case of n = 2 is as follows:

π1 =
N

∑
k=2

P(L1 = 1,L2 = k) = P(L1 = 1)
N

∑
k=2

P(L2 = k|L1 = 1) =

=
1

N−1

N

∑
k=2

1
N−1

=
N−1

(N−1)2 =
1

N−1
,

π2 = P(L1 = 1,L2 = 2)+
N

∑
k=3

P(L1 = 2,L2 = k) =
1

(N−1)2+

+P(L1 = 2)
N

∑
k=3

P(L2 = k|L1 = 2) =
1

(N−1)2 +
1

N−1

N

∑
k=3

1
N−2

=

=
1

(N−1)2 +
1

N−1
=

N
(N−1)2 ,
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π3 = P(L1 = 1,L2 = 3)+P(L1 = 2,L2 = 3)+
N

∑
k=4

P(L1 = 3,L2 = k) =

=
1

(N−1)2 +
1

(N−1)(N−2)
+P(L1 = 3)

N

∑
k=4

P(L2 = k|L1 = 3) =

=
1

(N−1)2 +
1

(N−1)(N−2)
+

1
N−1

N

∑
k=4

1
N−3

=

=
1

(N−1)2 +
1

(N−1)(N−2)
+

1
N−1

,

After generalizing the above derivation, we have:

πk =
k−1

∑
h=1

P(L1 = h,L2 = k)+
N

∑
t=k+1

P(L1 = k,L2 = t) =

=
k−1

∑
h=1

P(L2 = k|L1 = h)P(L1 = h)+P(L1 = k)
N

∑
t=k+1

P(L2 = t|L1 = k) =

=
1

N−1

k−1

∑
h=1

1
N−h

+
1

N−1

N

∑
t=k+1

1
N− k

=
1

N−1

k−1

∑
h=1

1
N−h

+
1

N−1

for k = 1, ...,N−1. Finally, we have:

πN =
N−1

∑
h=1

P(L1 = h,L2 = N) =
N−1

∑
h=1

P(L2 = N|L1 = h)P(L1 = h) =

=
1

N−1

k−1

∑
h=1

1
N−h

.

This result directly leads to the expression (4.10).

6.1.4 Proof of theorem 4.9

On the basis of expressions (4.37) and (4.38) we obtain:

f1(x j, ...,x1) =
j−1

∏
i=0

f1(xi+1|xi, ...,x1) =
j−1

∏
i=0

f1(xi+1|xi) =
1

∏
j−1
i=0 (b− xi)

,

j = 1, ...,n−1, a < x1 < x2 < ... < xn < b.

In order to derive the marginal density function we make the following evalua-
tions:
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f1(x j, ...,x2) =

=
∫ x2

a
f1(x j, ...,x2,x1)dx1 =

1

(b−a)∏
j−1
k=2(b− xk)

∫ x2

a

dx1

b− x1
=

1

(b−a)∏
j−1
k=2(b− xk)

ln(b− x1)

∣∣∣∣x2

a
=

ln(b−a)− ln(b− x2)

(b−a)∏
j−1
k=2(b− xk)

.

f1(x j, ...,x3) =
∫ x3

a
f (x j, ...,x2)dx2 =

=
1

(b−a)∏
j−1
k=3(b− xk)

∫ x3

a

ln(b−a)− ln(b− x2)

(b− x2)
dx2 =

=
1

(b−a)∏
j−1
k=3(b− xk)

∫ ln(b−a)−ln(b−x3)

0
ydy =

(ln(b−a)− ln(b− x3))
2

2(b−a)∏
j−1
k=2(b− xk)

where y = ln(b−a)− ln(b− x2), dy = dx2
b−x2

.

f1(x j, ...,x4) =
∫ x4

a
f1(x j, ...,x3)dx3 =

=
1

2(b−a)∏
j−1
k=4(b− xk)

∫ x4

a

(ln(b−a)− ln(b− x3))
2

(b− x3)
dx3 =

=
1

2(b−a)∏
j−1
k=4(b− xk)

∫ ln(b−a)−ln(b−x4)

0
y2dy =

=
(ln(b−a)− ln(b− x4))

3

2 ·3(b−a)∏
j−1
k=4(b− xk)

.

Generalizing the above derivation, we obtain:

f1(x j, ...,xi) =
∫ xi

a
f1(x j, ...,xi−1)dxi−1 =

=
1

(b−a)(i−2)!∏
j−1
k=i (b− xk)

∫ xi

a

(ln(b−a)− ln(b− xi−1))
i−2

(b− xi−1)
dxi−1 =

=
1

(b−a)(i−2)!∏
j−1
k=i (b− xk)

∫ ln(b−a)−ln(b−xi)

0
yi−2dy =

=
(ln(b−a)− ln(b− xi))

i−1

(b−a)Γ (i)∏
j−1
k=i (b− xk)

where y = ln(b−a)− ln(b− xi−1), dy = dxi−1
b−xi−1

.
Particularly, for i = j we have:
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f1,i(xi) = f1(xi) =
∫ xi

a
f (xi,xi−1)dxi−1 =

=
1

(b−a(i−2))

∫ xi

a

(ln(b−a)− ln(b− xi−1))
i−2

b− xi−1
dxi−1 =

=
(ln(b−a)− ln(b− xi))

i−1

(b−a)Γ (i)
, i = 1, ...,n.

This result directly leads to expression (4.41).
Let

Ai j =
(ln(b−a)− ln(b− xi))

i−1

(b−a)(b− xi)Γ (i)
(6.1)

f1(x j, ...,xi+2,xi) =
∫ xi

xi

f1(x j, ...,xi+2,xi+1,xi)dxi+1 =

=
Ai j

∏
j−1
k=i+2(b− xk)

∫ xi+2

xi

dxi+1

b− xi+1
=−

Ai j

∏
j−1
k=i+2(b− xk)

ln(b− xi+1)

∣∣∣∣xi+2

xi

=

=
Ai j(ln(b− xi)− ln(b− xi+2))

∏
j−1
k=i+2(b− xk)

.

f1(x j, ...,xi+3,xi) =
∫ xi+3

xi

f (x j, ...,xi+3,xi+2,xi)dxi+2 =

=
Ai j

∏
j−1
k=i+3(b− xk)

∫ xi+3

xi

ln(b− xi)− ln(b− xi+2)

b− xi+2
dxi+2 =

=
Ai j

∏
j−1
k=i+3(b− xk)

∫ ln(b−xi)−ln(b−xi+3)

0
ydy =

=
Ai j(ln(b− xi)− ln(b− xi+3))

2

2∏
j−1
k=i+3(b− xk)

,

f (x j, ...,xi+h,xi) =
∫ xi+h

xi

f1(x j, ...,xi+h,xi+h−1,xi)dxi+h−1 =

=
Ai j

(h−2)!∏
j−1
k=i+h(b− xk)

∫ xi+h

xi

(ln(b− xi)− ln(b− xi+h−1))
h−2

b− xi+h−1
dxi+h−1 =

=
Ai j

(h−2)!∏
j−1
k=i+h(b− xk)

∫ ln(b−xi)−ln(b−xi+h)

0
yh−2dy =

=
Ai j(ln(b− xi)− ln(b− xi+h))

h−1

(h−1)!∏
j−1
k=i+h(b− xk)

.

When h = j− i:
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f1(x j,xi) =
∫ x j

xi

f (x j,x j−1,xi)dx j−1 =

=
Ai j

( j− i−2)!

∫ x j

xi

(ln(b− xi)− ln(b− x j−1))
j−i−2

b− x j−1
dx j−1 =

=
Ai j

( j− i−2)!

∫ ln(b−xi)−ln(b−x j)

0
yh−2dy =

Ai j(ln(b− xi)− ln(b− x j))
j−i−1

( j− i−1)!

The derived result and the expression (6.1) after appropriate changing of the notation
lead to the expression (4.42).

6.1.5 Proof of theorem 4.11

On the basis of expression (4.51) we have:

f (x j, ...,x2) =
∫ x2

c
f (x j, ...,x2,x1)dx1 = λ

je−λ (x j−c)
∫ x2

c
dx1 = λ

j(x2−c)e−λ (x j−c),

f (x j, ...,x3) =

=
∫ x3

c
f (x j, ...,x3,x2)dx2 = λ

je−λ (x j−c)
∫ x3

c
(x2−c)dx2 =

λ j

2
(x3−c)2e−λ (x j−c),

f (x j, ...,x4) =

=
∫ x4

c
f (x j, ...,x4,x3)dx3 =

λ j

2
e−λ (x j−c)

∫ x4

c
(x3−c)2dx3 =

λ j

2 ·3
(x4−c)3e−λ (x j−c).

After generalizing the above derivations, we have:

f (x j, ...,xi) =
∫ xi

c
f (x j, ...,xi,xi−1)dxi−1 =

=
λ j

(i−2)!
e−λ (x j−c)

∫ xi

c
(xi−1− c)i−2dxi−1 =

λ j

(i−1)!
(xi− c)i−1e−λ (x j−c) =

=
λ j

Γ (i)
(xi− c)i−1e−λ (x j−c). (6.2)

Particularly for i = j:

f (x j) =
∫ x j

c
f (x j,x j−1)dx j−1 =

λ j

( j−2)!
e−λ (x j−c)

∫ x j

c
(x j−1− c) j−2dx j−1 =

=
λ j

( j−1)!
(x j− c) j−1e−λ (x j−c) =

λ j

Γ ( j)
(x j− c) j−1e−λ (x j−c).
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This, after changing the notation, leads to expression (4.52).
Let

Ai j =
λ j

Γ (i)
(xi− c)i−1e−λ (x j−c)

On the basis of (6.2) we have:

f (x j, ...,xi+2,xi) =
∫ xi+2

xi

f (x j, ...,xi)dxi+1 = Ai j

∫ xi+2

xi

dxi+1 = Ai j(xi+2 − xi),

f (x j, ...,xi+3,xi) =
∫ xi+3

xi

f (x j, ...,xi+2,xi)dxi+2 = Ai j

∫ xi+3

xi

(xi+2− xi)dxi+2 =

= Ai j

∫ xi+3−xi

0
zdz =

Ai j

2
(xi+3− xi)

2

f (x j, ...,xi+4,xi) =
∫ xi+4

xi

f (x j, ...,xi+3,xi)dxi+3 =
Ai j

2

∫ xi+4

xi

(xi+3− xi)
2dxi+3 =

=
Ai j

2

∫ xi+4−xi

0
z2dz =

Ai j

2 ·3
(xi+4− xi)

3,

After generalizing of the above derivation, we have:

f (x j, ...,xi+k,xi) =
∫ xi+k

xi

f (x j, ...,xi+k−1,xi)dxi+k−1 =

=
Ai j

(k−2)!

∫ xi+k

xi

(xi+k−1− xi)
k−2dxi+k−1 =

=
Ai j

(k−2)!

∫ xi+k−xi

0
zk−2dz =

Ai j

(k−1)!
(xi+k− xi)

k−1.

This result for k = j− i−1 reduces to the following form:

f (x j,x j−1,xi) =
Ai j

( j− i−2)!
(x j−1− xi)

j−i−2.

Finally, we have:

f ji(x j,xi) = f (x j,xi) =

=
∫ x j

xi

f (x j,x j−1,xi)dx j−1 =
Ai j

( j− i−2)!

∫ x j

xi

(x j−1− xi)
j−i−2dx j−1 =

=
Ai j

( j− i−2)!

∫ x j−xi

0
z j−i−2dz =

Ai j

( j− i−1)!
(x j− xi)

j−i−1 =

=
λ j

Γ (i)Γ ( j− i)
(xi− c)i−1(x j− xi)

j−i−1e−λ (x j−c).
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After changing the notation, the obtained result leads to expression (4.53).

6.1.6 Proof of theorem 4.12

Expression (4.58), leads to the following (see also the proof of the theorem 4.11):

f (x j,x j−1, ...,x1) =
a jca

xa+1
j ∏

j−1
i=1 xi

, c≤ x1 ≤ x2 ≤ ...≤ x j.

f (x j,x j−1, ...,x2) =
∫ x2

c
f (x j,x j−1, ...,x1)dx1 =

a jca

xa+1
j ∏

j−1
k=2 xk

∫ x2

c

dx1

x1
=

=
A j

∏
j−1
k=2 xk

(ln(x2)− ln(c)) =
A j

∏
j−1
k=2 xk

ln
(x2

c

)
.

where

A j =
a jca

xa+1
j

Similarly, we derive the following:

f (x j,x j−1, ...,x3) =
∫ x3

c
f (x j,x j−1, ...,x2)dx2 =

A j

∏
j−1
k=3 xk

∫ x3

c

1
x2

ln
(x2

c

)
dx2.

Let z = x2
c , so dx2 = cdz and

f (x j,x j−1, ...,x3) =
A j

∏
j−1
k=3 xk

∫ x3
c

1
z−1ln(z)dz =

1
2

A j

∏
j−1
k=3 xk

ln2(z)
∣∣∣∣

x3
c

1
=

=
1
2

A j

∏
j−1
k=3 xk

ln2
(x3

c

)
.

f (x j,x j−1, ...,x4) =
∫ x4

c
f (x j,x j−1, ...,x3)dx3 =

1
2

A j

∏
j−1
k=4 xk

∫ x4

c

1
x3

ln2
(x3

c

)
dx3 =

=
1
2

A j

∏
j−1
k=4 xk

∫ x4
c

1
z−1ln2(z)dz.

Let u = ln(z), so du = dz
z and
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f (x j,x j−1, ...,x4) =
1
2

A j

∏
j−1
k=4 xk

∫ ln( x4
c )

0
u2du =

1
2 ·3

A j

∏
j−1
k=4 xk

ln3
(x4

c

)
.

f (x j,x j−1, ...,x5) =
∫ x5

c
f (x j,x j−1, ...,x4)dx4 =

=
1

2 ·3
A j

∏
j−1
k=5 xk

∫ x5

c

1
x4

ln3
(x4

c

)
dx4 =

1
2 ·3

A j

∏
j−1
k=5 xk

∫ x5
c

1
z−1ln3(z)dz =

=
1

2 ·3
A j

∏
j−1
k=5 xk

∫ ln(
x5
c )

0
u3du =

1
2 ·3 ·4

A j

∏
j−1
k=5 xk

ln4
(x5

c

)
.

Generalizing the above derivation, we have:

f (x j,x j−1, ...,xi) =
1

(i−1)!
A j

∏
j−1
k=i xk

lni−1
(xi

c

)
=

a jca

Γ (i)xa+1
j ∏

j−1
k=i xk

lni−1
(xi

c

)
.

(6.3)
When i = j−1, we can evaluate the following marginal density function:

f j(x j) =
∫ x j

c
f (x j,x j−1)dx j−1 =

a jca

Γ ( j−1)xa+1
j

∫ x j

c

1
x j−1

ln j−2
(x j−1

c

)
dx j−1 =

=
a jca

Γ ( j−1)xa+1
j

∫ x j
c

1
z−1ln j−2(z)dz =

a jca

( j−2)!xa+1
j

∫ ln
( x j

c

)
0

u j−2du =

=
a jca

( j−1)!xa+1
j

u j−1
∣∣∣∣ln
( x j

c

)
0

=
a jca

( j−1)!xa+1
j

ln( j−1)
(x j

c

)
.

Finally, we have:

f j(x j) =
a jca

Γ ( j)xa+1
j

ln( j−1)
(x j

c

)
.

This result directly leads to expression (4.59)
On the basis of expression (6.3) we make the following derivation:

f (x j,x j−1, ...,xi+2,xi) =
∫ xi+2

xi

f (x j,x j−1, ...,xi+1,xi)dxi+1 =

=
a jca

(i−1)!xa+1
j ∏

j−1
k=i+2 xk

ln(i−1)
(xi

c

)∫ xi+2

xi

dxi+1

xi−1
=

B ji

∏
j−1
k=i+2 xk

ln
(

xi+2

xi

)
where

B ji =
a jca

(i−1)!xa+1
j

ln(i−1)
(xi

c

)
.
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f (x j,x j−1, ...,xi+3,xi) =
∫ xi+3

xi

f (x j,x j−1, ...,xi+2,xi)dxi+2 =

=
B ji

∏
j−1
k=i+3 xk

∫ xi+3

xi

1
xi+2

ln
(

xi+2

xi

)
dxi+2 =

B ji

∏
j−1
k=i+3 xk

∫ xi+3
xi

1

1
z

ln(z)dz =

=
B ji

2∏
j−1
k=i+3 xk

ln2(z)
∣∣∣∣

xi+3
xi

1
=

B ji

2∏
j−1
k=i+3 xk

ln2
(

xi+3

xi

)
.

where z = xi+2
xi

and dxi+2 = xidz.

f (x j,x j−1, ...,xi+4,xi) =
∫ xi+4

xi

f (x j,x j−1, ...,xi+4,xi+3,xi)dxi+3 =

=
B ji

2∏
j−1
k=i+4 xk

∫ xi+4

xi

1
xi+3

ln2
(

xi+3

xi

)
dxi+3 =

B ji

2∏
j−1
k=i+4 xk

∫ xi+4
xi

1

1
z

ln2(z)dz =

=
B ji

2∏
j−1
k=i+4 xk

∫ ln
( xi+4

xi

)
0

u2du =
B ji

2 ·3∏
j−1
k=i+4 xk

ln3
(

xi+4

xi

)
.

where u = ln(z) and du = dz
z . Hence, for 1≤ h≤ j− i we have:

f (x j,x j−1, ...,xi+h,xi) =
∫ xi+h

xi

f (x j,x j−1, ...,xi+h,xi+h−1,xi)dxi+h−1 =

=
B ji

(h−2)!∏
j−1
k=i+h xk

∫ xi+h

xi

1
xi+h−1

lnh−2
(

xi+h−1

xi

)
dxi+h−1 =

=
B ji

(h−2)!∏
j−1
k=i+h xk

∫ xi+h
xi

1

1
z

lnh−2(z)dz =

=
B ji

(h−2)!∏
j−1
k=i+h xk

∫ ln
( xi+h

xi

)
0

uh−2du =
B ji

(h−1)!∏
j−1
k=i+h xk

lnh−1
(

xi+h

xi

)
=

=
B ji

(h−1)!∏
j−1
k=i+h xk

lnh−1
(

xi+h

xi

)
.

For h = j− i we have:
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f j,i(x j,xi) = f (x j,xi) =
∫ x j

xi

f (x j,x j−1,xi)dx j−1 =

=
B ji

( j− i−2)!

∫ x j

xi

1
x j−1

ln j−i−2
(

x j−1

xi

)
dx j−1 =

B ji

( j− i−2)!

∫ x j
xi

1

1
z

ln j−i−2(z)dz =

=
B ji

( j− i−2)!

∫ ln
( x j

xi

)
0

u j−i−2du =
B ji

( j− i−1)!
ln j−i−1

(
x j

xi

)
=

=
B ji

( j− i−1)!
ln j−i−1

(
x j

xi

)
=

B ji

Γ ( j− i)
ln j−i−1

(
x j

xi

)
.

Finally:

f j,i(x j,xi) =
a jca

Γ (i)Γ ( j− i)xa+1
j

ln(i−1)
(xi

c

)
ln j−i−1

(
x j

xi

)
.

This leads to expression (4.60).

6.1.7 Derivation of expression (5.5)

On the basis of expressions (5.2)-(5.4) we have:

V (X) = E(X−E(X))2 = pE(X−E(X)|Z = 1)2+(1− p)E(X−E(X)|Z = 0)2 =

= pE((X−E(X |Z = 1))+(E(X)−E(X |Z = 1))|Z = 1)2+

+(1− p)E((X−E(X |Z = 0))+(E(X)−E(X |Z = 0))|Z = 1)2 =

= pE((X−E(X |Z = 1))2|Z = 1)+ p(E(X)−E(X |Z = 1))2

+(1− p)E((X−E(X |Z = 0))2|Z = 1)+(1− p)(E(X)−E(X |Z = 0))2 =

= p
(
(E(X |Z = 1)−E(X))2 +V (X |Z = 1)

)
+

+(1− p)
(
(E(X |Z = 0)−E(X))2 +V (X |Z = 0)

)
=

= p(1− p)2(E(X |Z = 1)−E(X |Z = 0))2 + pV (X |Z = 1)+

+(1− p)p2(E(X |Z = 0)−E(X))2 +(1− p)V (X |Z = 0) =

= p(1− p)((E(X |Z = 1)−E(X |Z = 0))2+

+ pV (X |Z = 1)+(1− p)V (X |Z = 0) =

= p(1− p)(E(W )−E(Y ))2 + pV (W )+(1− p)V (Y ),

Epression (5.6) and (5.7) are derived in a similar way to the above expression.



6.1 Proofs of theorems or derivations of expressions 119

6.1.8 Derivation of expression (5.17)

System (5.16) is equivalent to the following system:
X̄U = a+ pb,
VU (X) = X̄U + p(1− p)b2,

C3,U (X) =−2X̄U +3VU (X)+ p(1− p)(1−2p+2p2)b3

(6.4)

The second and the third equations of the above system lead to the following equiv-
alent expressions:(

VU (X)− X̄U

p(1− p)

)1/2

=

(
C3,U (X)−3VU (X)+2X̄U

p(1− p)(1−2p+2p))

)1/3

,

(
VU (X)− X̄U

p(1− p)

)3

=

(
C3,U (X)−3VU (X)+2X̄U

p(1− p)(1−2p(1− p))

)2

AU =
z

(1−2z)2

where

z = p(1− p), AU =
(VU (X)− X̄U )

3

(C3,U (X)−3VU (X)+2X̄U )2 > 0

Finally, we have:
4AU z2− (4AU +1)z+AU = 0 (6.5)

The second and third equations of system (6.4) lead to inequalities:{
VU (X)− X̄U = p(1− p)b2 > 0,
C3,U (X)+2X̄U −3VU (X) = p(1− p)(1−2p+2p2)b3 > 0.

Hence, AU > 0. After appropriate algebraic transformation, equation (6.5) is equiv-
alent to the following:

4A(z− z1,U )(z− z2,U ) = 0

where:

z1,U =
1
2
+

1−
√

8AU +1
8AU

, z2,U =
1
2
+

1+
√

8AU +1
8AU

.

The solutions of equation z = p(1− p) fulfil inequalities 0 < p < 1, when 0 < z < 1
4 .

The inequalities 0 < z2,U < 1
4 are not fulfilled for any A > 0. We can show that

0 < z1,U < 1
4 , if and only if 0 < AU < 1. Finally, equation z1,U = p(1− p) have the

following solutions for 0 < z1,U < 1
4 :

p1,U =
1−
√

1−4z1,U

2
or p2,U =

1+
√

1−4z1,U

2
, provide 0 < AU < 1.
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Hence, the second and the third expressions of the system (5.16) let us derive the
estimators of the parameters p, a and b which are written in expression (5.17).

6.1.9 Derivation of expression (5.25)

When U = s the derivatives of the likelihood function defined by expression (5.24)
are as follows:

∂ l(X s,a,b, p)
∂a

=
1
a ∑

i∈s0

xi +
1

a+b ∑
i∈s1

xi−n

∂ l(X s,a,b, p)
∂b

=
1

a+b ∑
i∈s1

xi− k

∂ l(X s,a,b, p)
∂ p

=
k
p
− n− k

1− p
,

∂ 2l(X s,a,b, p)
∂a2 =− 1

a2 ∑
i∈s0

xi−
1

(a+b)2 ∑
i∈s1

xi,

∂ 2l(X s,a,b, p)
∂b2 =

∂ 2l(X s,a,b, p)
∂a∂b

=− 1
(a+b)2 ∑

i∈s1

xi.

∂ l2(X s,a,b, p)
∂ p2 =− k

p2 −
n− k

(1− p)2 ,
∂ l2(X s,a,b, p)

∂a∂ p
=

∂ l2(X s,a,b, p)
∂b∂ p

= 0.

All of the first derivatives of the likelihood function l(X s, âs, b̂s) are equal to zero
when a = âs and b = b̂ where

âs = X̄s0 = Ȳs0 , b̂s = X̄s1 − X̄s0 = X̄s1 − Ȳs0 .

The Hessian of the likelihood function is negative defined for (âs, b̂s). Hence, the
statistics âs and b̂s are the maximum likelihood estimators of the parameters a, b
and p, respectively.

6.1.10 Derivation of the posterior distribution

On the basis of expressions (5.26)-(5.28) we have the following joint distribution
of the likelihood function of the data and the beta and gamma independent prior
distributions:
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q(X s,b, p|a,ν ,θ ,η ,κ) = L(X s|a,b, p)g(b|ν ,θ)t(p,η ,κ) =

= pk(1− p)n−kt(p,η ,κ)∏
i∈s0

f0(yi|a) ∏
j∈s1

f1(x j|a,b)g(b|ν ,θ) =

=
Γ (η +κ)

Γ (η)Γ (κ)
pk+η−1(1− p)n−k+κ−1

(
∏
i∈s0

f0(yi|a)

)(
∏
i∈s1

(xi!)−1

)
θ ν

Γ (ν)
bν−1e−kae−(k+θ)b(a+b)m

where m = ∑i∈s1
xi.

Therefore, the posterior distribution of b and p under the fixed X s is:

q(b, p|X s,a,ν ,θ ,η ,κ) =
q(X s,b, p|a,ν ,θ ,η ,κ)∫ 1

0
∫

∞

0 q(X s,b, p|a,ν ,θ ,η ,κ)d p db
=

=
pk+η−1(1− p)n−k+κ−1bν−1e−(k+θ)b(a+b)m∫ 1

0 pk+η−1(1− p)n−k+κ−1d p
∫

∞

0 bν−1e−(k+θ)b(a+b)mdb
=

=
pk+η−1(1− p)n−k+κ−1bν−1e−(k+θ)b(a+b)m

Γ (k+η)Γ (n−k+κ)
Γ (n+η+κ) ∑

m
h=0
(m

h

)
ah
∫

∞

0 bm−h+ν−1e−(k+θ)bdb
=

=
pk+η−1(1− p)n−k+κ−1bν−1e−(k+θ)b(a+b)m

Γ (k+η)Γ (n−k+κ)
Γ (n+η+κ) ∑

m
h=0
(m

h

)
ae Γ (m+ν−h)

(k+θ)m+ν−h

Hence,

q(b, p|X s,a,ν ,θ ,η ,κ) = q1(b|X s,a,ν ,θ ,η ,κ)q2(p|X s,a,ν ,θ ,η ,κ) (6.6)

where

q1(b|X s,a,ν ,θ ,η ,κ) =
bν−1e−(k+θ)b(a+b)m

∑
m
h=0
(m

h

)
ah Γ (m+ν−h)

(k+θ)m+ν−h

q2(p|X s,a,ν ,θ ,η ,κ) =
Γ (n+η +κ)

Γ (k+η)Γ (n− k+η)
pk+η−1(1− p)n−k+κ−1

Hence, expressions (5.30) and (5.31) have been proved.
The derivation of equation (5.35):
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P(τ̄ = pb≤ τ̄0|X s,a,ν ,θ ,η ,κ) = P
(

b≤ τ̄0

p
|X s,a,ν ,θ ,η ,κ

)
=

=
∫ 1

0
q2(p|X s,a,ν ,θ ,η ,κ)d p

∫
τ̄0/p

0
q1(b|X s,a,ν ,θ ,η ,κ)db =

=
∫ 1

0
q2(p|X s,a,ν ,θ ,η ,κ)d p

∑
m
h=0
(m

h

)
ah ∫ τ̄0/p

0 bm+ν−h−1e−(k+θ)bdb

∑
m
h=0
(m

h

)
ah Γ (m+ν−h)

(k+θ)m+ν−h

=

=
∫ 1

0
q2(p|X s,a,ν ,θ ,η ,κ)d p

∑
m
h=0
(m

h

) ah

(k+θ)m+ν−h−1

∫ τ̄0(k+θ)/p
0 um+ν−h−1e−udu

∑
m
h=0
(m

h

)
ah Γ (m+ν−h)

(k+θ)m+ν−h

=

=
∫ 1

0
q2(p|X s,a,ν ,θ ,η ,κ)d p

∑
m
h=0
(m

h

) ah

(k+θ)m+ν−h−1 Γ (m+ν−h, τ̄0(k+θ)
p )

∑
m
h=0
(m

h

)
ah Γ (m+ν−h)

(k+θ)m+ν−h

=

= pk+τ−1(1− p)n−k+κ−1

∫ 1

0
q2(p|X s,a,ν ,θ ,η ,κ)d p

∑
m
e=h
(m

h

) ah

(k+θ)m+ν−h−1 Γ (m+ν−h, η̄0(k+θ)
p )

∑
m
h=0
(m

h

)
ah Γ (m+ν−h)

(k+θ)m+ν−h

=

=
Γ (n+η +κ)

Γ (k+η)Γ (n− k+κ)∑
m
h=0
(m

h

)
ah Γ (m+ν−h)

(k+θ)m+ν−h

m

∑
h=0

(
m
h

)
ch

∫ 1

0
Γ

(
m+ν−h,

τ̄0(k+θ)

p

)
pk+η−1(1− p)n−k+κ−1d p

where Γ

(
m+ν−h, τ̄0(k+θ)

p

)
is the incomplete gamma function and

ch =
ah

(k+θ)m+ν−h−1 .

6.1.11 Derivation of expression (5.37)

Firstly, let us derive the following variance VmP(XU −YS) = NVmP(X̄U − ȲS),where
VmP(Q) means the variance determined on the basis of the model assigned briefly to
m and the sampling design P = P(s).
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VmP(XU −YS) =VmP(NX̄U −nȲS) = Em(VP(NX̄U −nȲS))+Vm(E(NX̄U −nȲS)) =

= n2Em(VP(ȲS))+Vm(NX̄U−nȲU )=
n(N−n)

N
Em(V (Y ))+Vm

(
∑

k∈U

(
Xk−

n
N

Yk

))
=

=
n(N−n)

N
σ

2(y)+NVm

(
Xk−

n
N

Yk

)
=

n(N−n)
N

σ
2(y)+Nσ

2(x− y)+

+N
(

1− n
N

)2
σ

2(y) = Nσ
2(x− y)+(N−n)σ2(y).

Now it is easy to show that the statistic given by expression (5.37) is an unbiased
estimator of the above derived variance Vmp(XU −YS).

6.2 Computer programs

6.2.1 Evaluation of sample size and critical value of the test under
the assumed risks. Exact solution

The program implementing the solution of system 2.6 is as follows:

#Size of population:
N <−200
#Hypothesis H0:
M0 <−60
#Hypothesis H1:
M1 <−100
#Ryzyka:
eta <−0.1; kappa <−0.2
pk <−1; n <−1
while ((pk > kappa)&(n < N−M0))
{wk <−qhyper(1− eta,M0,N−M0,n)
pk <−phyper(wk,M1,N−M1,n)
n <−n+1}
#necessary sample size:
n <−n−1; n
#critical value:
wk
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6.2.2 Evaluation of sample size and critical value of the test under
the assumed risks. Binomial approximation

The program implementing the solution of system 2.8 is as follows:
#Size of population:
N <−2000
#Hypothesis H0:
p0 <−0.2
#Hypothesis H1:
p1 <−0.4
#Risks:
eta <−0.05; kappa <−0.1
pk <−1; n <−1
while ((pk > kappa)&(n < N))
{wk <−qbinom(1− eta,n, p0)
pk <−pbinom(wk,n, p1)
n <−n+1}
#Necessary sample size:
n <−n−1; n
#Critical value:
wk

6.2.3 Evaluation of sample size and critical value of the test under
the assumed risks. Poisson approximation

The program implementing the solution of system 2.9 is as follows:
#the population size:
N <−19800
#the hypothesis H0:
p0 <−0.005
#the hypothesis H1:
p1 <−0.02
#the risks:
eta <−0.1; kappa <−0.05
pk <−1; n <−1
while ((pk > kappa)&(n < N))
{wk <−qpois(1− eta,n∗ p0)
pk <−ppois(wk,n∗ p1)
n <−n+1}
#the necessary sample size:
n <−n−1; n
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#the critical value:
wk

6.2.4 Evaluation of sample size and critical value of the test under
the assumed risks. Monte Carlo solution

The program implementing the algorithm described in section 2.3.3 is as follows:

For a simple random sample drawn without replacement

#the size of population:
N=10000
#the start sample size:
n=1000
# the increase of sample size:
dn=1
# the upper limit of the sample size
ng=2000
# the hypothesis H0:
p0=0.001
# the hypothesis H1:
p1=0.002
# the significance level:
a=0.1
# the power of the test:
b=0.95
pop0=matrix(0,N,1)
pop1=matrix(0,N,1)
for (i in 1:round(p0*N)) pop0[i]=1
for (i in 1:round(p1*N)) pop1[i]=1
# number of replications:
r=100000
u0=matrix(0,r,1)
d=c(1,0)
pp0=c(p0,1-p0)
u1=matrix(0,r,1)
pp1=c(p1,1-p1)
repeat
for (t in 1:r)
u0[t]=sum(sample(pop0,n))/n
u0=sort(u0)
pk=u0[floor(r*(1-a))+1]
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uk=(pk-p0)/sqrt(p0*(1-p0)/n)
for (t in 1:r)
u1[t]=sum(sample(pop1,n))/n
u1=sort(u1)
bs=0
m=r
while(u1[m] ≥ pk) m=m-1
bs=(r-m)/r
n=n+dn
if ((n≥ng)||(bs≥b)) break
# the necessary sample size:
n
# the critical values:
pk; uk

For a simple random sample drawn with replacement

# the star size of the sample:
n=1050
# the increase of the sample size:
dn=1
# the upper bound of the sample size:
ng=2000
# the hypothesis H0:
p0=0.01
# the hypothesis H1:
p1=0.02
# the significance level of the test:
a=0.1
# the power of the test:
b=0.95
# the number of the replications:
r=10000
u0=matrix(0,r,1)
d=c(1,0)
pp0=c(p0,1-p0)
u1=matrix(0,r,1)
pp1=c(p1,1-p1)
repeat
for (t in 1:r)
u0[t]=sum(sample(d,n,replace=TRUE,pp0))/n
u0=sort(u0)
pk=u0[floor(r*(1-a))+1]
uk=(pk-p0)/sqrt(p0*(1-p0)/n)
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for (t in 1:r)
u1[t]=sum(sample(d,n,replace=TRUE,pp1))/n
u1=sort(u1)
bs=0
m=r
while(u1[m]≥pk) m=m-1
bs=(r-m)/r
n=n+dn
if ((n≥ng)||(bs≥b)) break
# the sufficient sample size:
n
# the critical values:
pk; uk

6.2.5 Evaluation of sample size to ensure convergence distribution
of the statistic to normality

The program lets us evaluate the necessary sample size to ensure convergence of the
studentized statistic to standard normal distribution. The program implementing the
algorithm presented in section 3.3.5 is as follows:

Programme evaluating necessary sample size for the chi-square test of
goodness of fit under an assumed significance level and power

The critical value of the chi-square goodness of fit test is determined on the basis of
its asymptotic distribution

# a - significance level, b - power of the test,
# ls - number of simulation,
# dn - increase of sample size n=2000 dn=10 ls=10000 a=0.1 b=0.9
# H0: p=p0; H1: p=p1
k=11
g=c(0.01,0.05,0.1,0.68,0.1,0.05,0.01)
p0=matrix(g,k,1);
g=c(0.405,0.1,0.099,0.088,0.077,0.066,0.055,0.044,0.033,0.022,0.011)
# g=c(0.009,0.045,0.09,0.712,0.09,0.045,0.009)
g=c(0.011,0.055,0.11,0.648,0.11,0.055,0.011)
p1=matrix(g,k,1)
qs=matrix(0,ls,1)
ws=matrix(0,ls,1)
fitchi=function(n,p,w)
n*sum((w-p)*(w-p)/p)}
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fitchi(n,p0,p1)/n
bs=0; it=0
while ((bs < b)&(it <= 10000))
{n=n+dn
for (t in 1:ls) {ws=rmultinom(1,n,p0)/n; qs[t]=fitchi(n,p0,ws)}
qs=sort(qs)
wk=qs[floor((1-a)*ls)+1]
bs=0
for (t in 1:ls)
{ws=rmultinom(1,n,p1)/n;if( f itchi(n, p1,ws)>= wk)bs = bs+1}
bs=bs/ls
it=it+1
}
n; bs; wk;

Program evaluating necessary sample size to test normality under an assumed
significance level and power

The procedure below tests the hypothesis (defined by expression (3.26)) on the nor-
mality distribution of the statistic zS(x) by means of the test statistic expressed by
(3.27) and evaluated based on data observed in a simple random sample drawn with
(or without) replacement. Moreover, the program evaluates the sample size ”n” of
a simple random sample (drawn without replacement) to ensure convergence of the
distribution of the studentized sample mean with standard normal distribution. De-
termining the necessary sample size is done using the chi-square test by successively
increasing the size n until the test does not reject the hypothesis on normality. The
sample size ”ls” of the test is determined separately on the basis of Monte Carlo
experiments under an assumed significance level and power of the test, e. g. on the
basis of the program: nchil imit.txt

# reading of data:
x=read.table(”data.txt”); x=as.matrix(x)
#population size:
N=nrow(x)
# p - significance level:
pw=0.1
# size of sample:
n0=100; n=n0
# number of simulation:
lp=10000
#increase of the sample size:
dp=10
# number of the sample replication;
ls=5870
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t=matrix(0,ls,1)
x1=mean(x); sq=sqrt(var(x))
H0 : ω = pist where
pist=as.matrix(c(0.01,0.05,0.1,0.9,0.95,0.99))
a=nrow(pist)
pt=matrix(0,a+1,1)
z=matrix(0,a,1)
nr=matrix(0,n,1)
z=qnorm(pist)
pt[1]¡-pist[1]
if (a > 1) for (i in 2:a) pt[i]=pist[i]-pist[i-1]
pt[a+1]=1-pist[a]
if(n0 > n) n=n-n0
ilp=0;pws=0
while ((il p <= l p)&(pws <= pw)){
n=n+dp
nq=sqrt(n)
nn=matrix(0,a+1,1)
for (i in 1:ls) {
# in the case of sampling without replacement:
nr=sample(1:N,n)
# in the case of sampling with replacement:
nr=sample(1:N,n,replace=TRUE)
sq=sqrt(var(x[nr]))
if (sq > 0) t[i]=(mean(x[nr])-x1)*nq/sq
if (t[i]< z[1]) nn[1]¡-nn[1]+1
else if (t[i]<= z[2]) nn[2]=nn[2]+1
else if (t[i]<= z[3]) nn[3]=nn[3]+1
else if (t[i]<= z[4]) nn[4]=nn[4]+1
else if (t[i]<= z[5]) nn[5]=nn[5]+1
else if (t[i]<= z[6]) nn[6]=nn[6]+1
else nn[7]=nn[7]+1
}
wt=chisq.test(nn,p=pt);
pws=wt$p.value
ilp=ilp+1
}
n
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6.2.6 Evaluation of inclusion probabilities proportional to
auxiliary variable values

The program lets us evaluate the first-order inclusion probabilities proportional to
the values of a positive auxiliary variable. The program implementing the algorithm
presented in subsection 4.1.2 is as follows:
dx=c(1,2,4,10,100,4,150,3,5,6,9)
dx=as.matrix(dx)
inkl1=function(n,dx)

n1=n
dx1=dx
N=nrow(dx)
pi1=matrix(0,ncol=1,nrow=N)
sp=sum(dx)
pi1=dx*(n/sp)
pi1
km=1
m=pi1[1]
for (k in 2:N) if (pi1[k]>m) {m=pi1[k]; km=k}
if (m>1) {pi1[km]=1;dx1[km]=0}
while (m>1)
{
n1=n1-1
sp=0
for (k in 1:N) sp=sp+dx1[k]
for (k in 1:N) if (dx1[k]>0) pi1[k]=dx1[k]*(n1/sp)
m=pi1[1]
for (k in 2:N) if (pi1[k]>m) {m=pi1[k]; km=k}
if (m>1) {pi1[km]=1;dx1[km]=0}
}
pi1
}
a=inkl1(3,dx)
a

6.2.7 Hartley-Rao sampling scheme

The program implementing the Hartley-Rao sampling scheme (explained in subsec-
tion 4.1.4) is as follows.
losHartleyRao=function(n,N,pi1)
{skum=matrix(0,ncol=1,nrow=N+1)
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skum[2]=pi1[1]
for (k in 2:N) skum[k+1]=skum[k]+pi1[k]
u=runif(1)
snmatrix(0,ncol=1,nrow=n)
z=1
while (z≤n)
{
k=1;q=0
while (q==0)
{
if ((skum[k]<u+z-1)&(u+z-1≤skum[k+1])) {q=1; sn[z]=k}
k=k+1
}
z=z+1
};sn}

6.2.8 Evaluation of inclusion probabilities of the sampling design
proportionate to the function of one quantile

The program below let us calculate the first- and second-order inclusion probabil-
ities. The inclusion probabilities characterize the conditional sampling design pro-
portionate to the r-th order statistic of a positively valued auxiliary variable. These
inclusion probabilities are defined in subsection 4.1.8 in theorems 4.4 and 4.5.

inkluzje1i2=function(n,N,r,u,v,x) {
#Inclusion probabilities of degree 1 and 2 for the sampling design proportional
#to one order statistics of the auxilairy variable x
#inpute: n - sample size
#N - population size
#r - degrees of the order statistic
#u, v - constrains: u≥ r and u≤ v; v≤ N−n+ r and v≥ u
#x -vector of the positively valued observations of the auxiliary variable
# in the population
#output: the matrix (of degree N) of inclussion probabilities
#the diagonal element of the matrix are equal to inclusion probabailities
# of the first degree
Newton=function(N,n) {if ((N==n)—(n==0)) b=1 else
{b=1;for (i in 1:n) b=(b/(n-i+1))*(N-i+1)};b}
z=0; for (i in u:v) z=z+x[i]*Newton(i-1,r-1)*Newton(N-i,n-r)
pi=array(0,dim=c(N,N))
# inkl. degree 1
if ((r-1>0)&(v-1>0)&&(u-1>0)) {a=0; for (i in u:v)
a=a+Newton(i-2,r-2)*Newton(N-i,n-r)*x[i];
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for (i in 1:(u-1)) pi[i,i]=a};
for (k in u:v)
{pi[k,k]=Newton(k-1,r-1)*Newton(N-k,n-r)*x[k];
if ((n-r>0)&&(k-u>0)&&(k-1>0)) for (i in u:(k-1))
pi[k,k]=pi[k,k]+Newton(i-1,r-1)*Newton(N-i-1,n-r-1)*x[i];
if ((r-1>0)&&(v-k>0)) for (i in (k+1):v)
pi[k,k]=pi[k,k]+Newton(i-2,r-2)*Newton(N-i,n-r)*x[i]};
for (k in u:v) pi[k,k]=pi[k,k];
if ((n-r>0)&&(N-v>0)) {a=0;
for (i in u:v) a=a+Newton(i-1,r-1)*Newton(N-i-1,n-r-1)*x[i];
for (i in (v+1):N) pi[i,i]=a};

6.2.9 Sampling scheme of the sampling design proportionate to the
function of one quantile

The program below implements the conditional sampling design proportionate to
the r-th order statistic of a positively valued auxiliary variable. The sampling scheme
is defined in subchapter 4.1.8.

losq=function(n,N,r,u,v,x) {
#Drawing the sample according to thesampling design proportional
#to one order statistics of the auxilairy variable x
#inpute: n - sample size
#N - population size
#r - degrees of the order statistic
#u, v - constrains: u≥ r and u≤ v; v≤ N−n+ r and v≥ u,
#x -vector of the positively valued observations of the auxiliary variable
# in the population
#output: the vector with the selected (and sorted) number of the population elements
Newton=function(N,n) {if ((N == n)|(n == 0)) b=1 else {b=1;
for (i in 1:n) b=(b/(n-i+1))*(N-i+1)};b}
for (i in u:v) x[i]=x[i]*Newton(i-1,r-1)*Newton(N-i,n-r);
a=0;for (i in u:v) a=a+x[i];p=1:(v-u+1);for (i in u:v) p[i-u+1]=x[i]/a;x1=u:v;
nx=matrix(0,1,n);if (u==v) nx[r]=u else nx[r]=sample(x1,1,replace=TRUE,p)
x1=1:(nx[r]-1);
if (r−1 > 0) {s1=sample(x1,r-1);for (i in 1:(r-1)) nx[i]=s1[i]};
x1=(nx[r]+1):N;if (n− r > 0) {s1=sample(x1,n-r);
for (i in (r+1):n) nx[i]=s1[i-r]};nx=sort(nx);nx}
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6.2.10 Evaluation of first-order inclusion probabilities for a
conditional sampling design dependent on two order
statistics

The program below lets us calculate first-order inclusion probabilities. The inclu-
sion probabilities characterize the conditional sampling design proportionate to the
positive function of the r-th and u-th order statistics of a positively valued auxiliary
variable. The inclusion probabilities are expressed in subsection 4.1.9 by means of
theorem 4.6.

inkluzje1fsum2kw=function(n,N,r,u,x,d12) {
#Inclusion probabilities of degree 1 for the conditional sampling design proportional
#to the positive function of two order statistics of the auxilairy variable x
#inpute: n - sample size
#N - population size
#r < u- degrees of the order statistic
#x -vector of the positively valued observations of the auxiliary variable in the pop-
ulation
#d12 - value defining the condition
#output: the vector (of size N) of inclussion probabilities of the first degree
h=function(x[i],x[j]){
#definition of the function; for instance:
d=x[j]+x[i];d}
warunek=function(mx,d,d12){
#the function testing the condition
a=(d>d12);a}
#for instance another function testing condition:
warunek=function(x,i,j,d1,d2){a=(x[i]≤d1)&(x[j]>d2);a}
z=0;mx=mean(x)
for (i in r:(N-n+r)) for (j in (i+u-r):(N-n+u))
{d=h(x[i],x[j]);
if (warunek(mx,d,d12))
z=z+Newton(i-1,r-1)*Newton(j-i-1,u-r-1)*Newton(N-j,n-u)*d}; pi=matrix(0,1,N+1)
for (k in 1:N) {
if ((k<r)&(r>1)) for (i in r:(N-n+r)) for (j in (i+u-r):(N-n+u))
{d=h(x[j],x[i]); if (warunek(mx,d,d12))
pi[k]=pi[k]+Newton(i-2,r-2)*Newton(j-i-1,u-r-1)*Newton(N-j,n-u)*d};
if ((k>r-1)&(k<N-n+u+1)) {
if ((k>u)&(n>u)) for (i in r:(k-u+r-1)) for (j in (i+u-r):(k-1)) {d=h(x[j],x[i]);
if (warunek(mx,d,d12))
pi[k]=pi[k]+Newton(i-1,r-1)*Newton(j-i-1,u-r-1)*Newton(N-j-1,n-u-1)*d};
if(k>u-1) {a=0; for (i in r:(k-u+r)) {d=h(x[k],x[i]);
if (warunek(mx,d,d12)) a=a+Newton(i-1,r-1)*Newton(k-i-1,u-r-1)*d};
pi[k]=pi[k]+a*Newton(N-k,n-u)};
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if ((k>r)&(u>r+1)&(N-n+u>k)) for (i in r:(k-1)) for (j in (k+1):(N-n+u))
{d=h(x[j],x[i]); if (warunek(mx,d,d12))
pi[k]=pi[k]+Newton(i-1,r-1)*Newton(j-i-2,u-r-2)*Newton(N-j,n-u)*d}
if (k<N-n+r+1) {a=0; for (j in (k+u-r):(N-n+u)) {d=h(x[j],x[k]); if (warunek(mx,d,d12))
a=a+Newton(j-k-1,u-r-1)*Newton(N-j,n-u)*d};pi[k]=pi[k]+a*Newton(k-1,r-1)};
if ((r>1)&(k<N-n+r)) for (i in (k+1):(N-n+r)) for (j in (i+u-r):(N-n+u))
{d=h(x[j],x[i]); if (warunek(mx,d,d12))
pi[k]=pi[k]+Newton(i-2,r-2)*Newton(j-i-1,u-r-1)*Newton(N-j,n-u)*d}};
if ((k>N-n+u)&(n>u)) for (i in r:(N-n+r)) for (j in (i+u-r):(N-n+u))
{d=h(x[j],x[i]); if (warunek(mx,d,d12))
pi[k]=pi[k]+Newton(i-1,r-1)*Newton(j-i-1,u-r-1)*Newton(N-j-1,n-u-1)*d} }
for (i in 1:N) pi[i]=pi[i]/z; pi }

6.2.11 Implementing a sampling scheme of a conditional sampling
design proportionate to the function of two order statistics

The program below implements a conditional sampling design proportionate to two
order statistics of a positively valued auxiliary variable. The sampling scheme is ex-
plained in subchapter 4.1.9.

sum2kwschemlos=function(n,N,r1,r2,x,d12) {
# Random selecting the sample according to the condit. sampling design
# proportional to the positive function of the two order statistics
# of the auxilairy variable x
# inpute: n - sample size
# N - population size
# r1 < r2- degrees of the order statistic
# x -vector of the positively valued observations of the auxiliary variable
# in the population
# d12 - value defining the condition
# output: the vector with the selected number of the population elements
h=function(x[i],x[j]){
# definition of the function; for instance: d=x[j]+x[i];d}
warunek=function(mx,d,d12){ #the function testing the condition a=(d>d12);a}
p1=array(0,dim=c(N,1));
p2=array(0,dim=c(N,1));
for (i in r1:(N-n+r1)) for (j in (i+r2-r1):(N-n+r2)) {d=h(x[i],x[j]);
if (warunek(mx,d,d12))
p1[i]=p1[i]+Newton(i-1,r1-1)*Newton(j-i-1,r2-r1-1)*Newton(N-j,n-r2)*d};
z=0;for (i in r1:(N-n+r1)) z=z+p1[i]; p1=p1/z; ns=array(0,dim=c(n,1));
ns[r1]=sample(N,1,replace=FALSE,p1);
for (j in (ns[r1]+1):(N-n+r2)) {d=h(x[ns[r1]],x[j]) if (warunek(mx,d,d12))
p2[j]=Newton(ns[r1]-1,r1-1)*Newton(j-ns[r1]-1,r2-r1-1)*Newton(N-j,n-r2)*d};
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p2=p2/p1[ns[r1]]; ns[r2]=sample(N,1,replace=FALSE,p2);
if (r1 > 1) {s1=sample(1:(ns[r1]-1),r1-1); for (i in 1:(r1-1)) ns[i]=s1[i]}
if (r2 > r1+1) {s2=sample((ns[r1]+1):(ns[r2]-1),r2-r1-1);
for (i in 1:(r2-r1-1)) ns[r1+i]=s2[i]} if (n > r2) {s3=sample((ns[r2]+1):N,n-r2);
for (i in 1:(n-r2)) ns[r2+i]=s3[i]} ns=sort(ns);ns }

6.2.12 Evaluation of first-order inclusion probabilities for a
conditional sampling design dependent on three order
statistics

The program below lets us calculate first-order inclusion probabilities. The inclu-
sion probabilities characterize the conditional sampling design proportionate to the
positive function of three order statistics of a positively valued auxiliary variable.
The program is prepared on the basis of expressions presented in the book by
Wywiał (2015).

inkluzje1YK=function(n,N,r1,r2,r3,x,d1,d2,d21) {
# Inclusion probabilities of degree 1 for the conditional sampling
# design proportional
# to the positive function of three order statistics of the auxilairy
# variable x
# inpute: n - sample size
# N - population size
# r1¡r2¡r3- degrees of the order statistic
# x -vector of the positively valued observations of the auxiliary
# variable in the population
# d1,d2,d12 - value defining the condition
# output: the vector (of size N) of inclusion probabilities
# of the first degree

Newton=function(N,n) {b=0; if ((N>=n)&(n>=0)&(N>=0)) {b=1;
if ((N>n)&(n>0)) for (i in 1:n) b=(b/(n-i+1))*(N-i+1)};b}

funkcja=function(i1,i2,i3,x){
d=(x[i1]+x[i2]+x[i3])/3
# d=var(c(x[i1],x[i2],x[i3])); d}

warun=function(x,i1,i2,i3,d1,d2){a=((x[i1]<=d1)&(x[i3]>d2));a}
# for example:
# warun=function(x,mx,d,d12,a1,i1,a2,b1,i2,b2,c1,i3,c2){
# a=(abs(d-mx)<=d12);
# b=((x[i1]>=a1)&(x[i1]<=a2)&(x[i2]>b1)&
# (x[i2]<=b2)&(x[i3]>c1)&(x[i3]<=c2));a&b}
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z=0;for (i1 in r1:(N-n+r1)) for (i2 in (i1+r2-r1):(N-n+r2)) for (i3 in (i2+r3-r2):(N-
n+r3))
if (warun(x,i1,i2,i3,d1,d2)) {d=funkcja(i1,i2,i3,x);
if (d>=d21) z=z+Newton(i1-1,r1-1)*
Newton(i2-i1-1,r2-r1-1)*Newton(i3-i2-1,r3-r2-1)*Newton(N-i3,n-r3)*d};
pi=matrix(0,N,1); mx=mean(x)
for (k in 1:N)
{
if ((k<r1)&(r1>1)) for (i1 in r1:(N-n+r1)) for (i2 in (i1+r2-r1):(N-n+r2))
for (i3 in (i2+r3-r2):(N-n+r3)) if (warun(x,i1,i2,i3,d1,d2))
{d=funkcja(i1,i2,i3,x); if (d>=d21)
pi[k]=pi[k]+Newton(i1-2,r1-2)*Newton(i2-i1-1,r2-r1-1)*
Newton(i3-i2-1,r3-r2-1)*Newton(N-i3,n-r3)*d}
if ((k>r1-1)&(N-n+r1>k)&(r1>1)) for (i1 in (k+1):(N-n+r1))
for (i2 in (i1+r2-r1):(N-n+r2)) for (i3 in (i2+r3-r2):(N-n+r3))
if (warun(x,i1,i2,i3,d1,d2)) {d=funkcja(i1,i2,i3,x); if (d>=d21)
pi[k]=pi[k]+Newton(i1-2,r1-2)*Newton(i2-i1-1,r2-r1-1)*
Newton(i3-i2-1,r3-r2-1)*Newton(N-i3,n-r3)*d}

if ((k>r1)&(r2-r1>1)&(N-n+r2>k)) for (i1 in r1:(k-1))
for (i2 in (k+1):(N-n+r2)) for (i3 in (i2+r3-r2):(N-n+r3))
if (warun(x,i1,i2,i3,d1,d2)) {d=funkcja(i1,i2,i3,x);
if (d>=d21) pi[k]=pi[k]+Newton(i1-1,r1-1)*Newton(i2-i1-2,r2-r1-2)*
Newton(i3-i2-1,r3-r2-1)*Newton(N-i3,n-r3)*d}

if ((k>r2)&(r3-r2>1)&(N-n+r3>k)) for (i1 in r1:(k-r2+r1-1))
for (i2 in (i1+r2-r1):(k-1)) for (i3 in (k+1):(N-n+r3))
if (warun(x,i1,i2,i3,d1,d2)) {d=funkcja(i1,i2,i3,x);
if (d>=d21) pi[k]=pi[k]+Newton(i1-1,r1-1)*Newton(i2-i1-1,r2-r1-1)*
Newton(i3-i2-2,r3-r2-2)*Newton(N-i3,n-r3)*d}

if ((n>r3)&(N-n+r3+1>k)&(k>r3)) for (i1 in r1:(k+r1-r3-1))
for (i2 in (i1+r2-r1):(k+r2-r3-1)) for (i3 in (i2+r3-r2):(k-1))
if (warun(x,i1,i2,i3,d1,d2)) {d=funkcja(i1,i2,i3,x);
if (d>=d21) pi[k]=pi[k]+Newton(i1-1,r1-1)*Newton(i2-i1-1,r2-r1-1)*
Newton(i3-i2-1,r3-r2-1)*Newton(N-i3-1,n-r3-1)*d}

if ((n>r3)&(k>N-n+r3)) for (i1 in r1:(N-n+r1))
for (i2 in (i1+r2-r1):(N-n+r2)) for (i3 in (i2+r3-r2):(N-n+r3))
if (warun(x,i1,i2,i3,d1,d2)) {d=funkcja(i1,i2,i3,x);
if (d>=d21) pi[k]=pi[k]+Newton(i1-1,r1-1)*Newton(i2-i1-1,r2-r1-1)*
Newton(i3-i2-1,r3-r2-1)*Newton(N-i3-1,n-r3-1)*d}

if ((N-n+r1+1>k)&(k>r1-1)) for (i2 in (k+r2-r1):(N-n+r2))
for (i3 in (i2+r3-r2):(N-n+r3)) if (warun(x,k,i2,i3,d1,d2))
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{d=funkcja(k,i2,i3,x); if (d>=d21) pi[k]=pi[k]+Newton(k-1,r1-1)*
Newton(i2-k-1,r2-r1-1)*Newton(i3-i2-1,r3-r2-1)*Newton(N-i3,n-r3)*d}

if ((N-n+r2+1>k)&(k>r2-1)) for (i1 in r1:(k-1))
for (i3 in (k+r3-r2):(N-n+r3)) if (warun(x,i1,k,i3,d1,d2))
{d=funkcja(i1,k,i3,x);
if (d>=d21) pi[k]=pi[k]+Newton(i1-1,r1-1)*Newton(k-i1-1,r2-r1-1)*
Newton(i3-k-1,r3-r2-1)*Newton(N-i3,n-r3)*d}

if ((N-n+r3+1>k)&(k>r3-1)) for (i1 in r1:(N-n+r1))
for (i2 in (i1+r2-r1):(N-n+r2)) if (warun(x,i1,i2,k,d1,d2))
{d=funkcja(i1,i2,k,x); if (d>=d21) pi[k]=pi[k]+Newton(i1-1,r1-1)*
Newton(i2-i1-1,r2-r1-1)*Newton(k-i2-1,r3-r2-1)*Newton(N-k,n-r3)*d}}
pi=pi/z; pi}

6.2.13 Implementing a sampling scheme of a conditional sampling
design proportionate to the function of three order statistics

The program below implements a conditional sampling design proportionate to the
positive function of three order statistics of an auxiliary variable. The program is
prepared on the basis of the algorithm presented in the book by Wywiał (2015).

schemlosYK=function(n,N,r1,r2,r3,x,d1,d2,d21,p,z) {
# Random selecting the sample according to the conditional
# sampling design proportional to the positive function of three
# order statistics of the auxilairy variable x
# inpute: n - sample size
# N - population size
# r1¡r2- degrees of the order statistic
# x -vector of the positively valued observations of the auxiliary variable
# in the population
# d12 - value defining the condition
# output: the vector with the selected number of the population
# elements

# Newton=function(N,n) {b=0; if ((N>=n)&(n>=0)&(N>=0))
# {b=1; if ((N>n)&(n>0)) for (i in 1:n) b=(b/(n-i+1))*(N-i+1)};b}

funkcja=function(i1,i2,i3,x){(x[i1]+x[i2]+x[i3])/3}

warun=function(x,i1,i2,i3,d1,d2){a=((x[i1]<=d1)&(x[i3]>d2));a}
#For instance:
# warun=function(x,mx,d,d12,a1,i1,a2,b1,i2,b2,c1,i3,c2)
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#{a=(abs(d-mx)<=d12); b=((x[i1]>=a1)&(x[i1]<=a2)
#&(x[i2]>b1)&(x[i2]<=b2)&(x[i3]>c1)&(x[i3]<=c2));a&b}

s=matrix(0,n,1)
p=matrix(0,N,1)
for (i1 in r1:(N-n+r1)) for (i2 in (i1+r2-r1):(N-n+r2))
for (i3 in (i2+r3-r2):(N-n+r3)) if (warun(x,i1,i2,i3,d1,d2))
{d=funkcja(i1,i2,i3,x);
if (d>=d21) p[i1]=p[i1]+Newton(i1-1,r1-1)*Newton(i2-i1-1,r2-r1-1)
*Newton(i3-i2-1,r3-r2-1)*Newton(N-i3,n-r3)*d};
z=0;for (i1 in r1:(N-n+r1)) z=z+p[i1]; p=p/z
t1=sample(1:N,1,replace=FALSE,p)
a1=p[t1]*z
p=matrix(0,N,1)
for (i2 in (t1+r2-r1):(N-n+r2)) for (i3 in (i2+r3-r2):(N-n+r3))
if (warun(x,t1,i2,i3,d1,d2)) {d=funkcja(t1,i2,i3,x);
if (d>=d21) p[i2]=p[i2]+Newton(t1-1,r1-1)*Newton(i2-t1-1,r2-r1-1)*
Newton(i3-i2-1,r3-r2-1)*Newton(N-i3,n-r3)*d};
p=p/a1
t2=sample(1:N,1,replace=TRUE,p)
a2=p[t2]*a1
p=matrix(0,N,1)
for (i3 in (t2+1):(N-n+r3)) if (warun(x,t1,t2,i3,d1,d2))

{d=funkcja(t1,t2,i3,x); if (d>=d21)
p[i3]=p[i3]+Newton(t1-1,r1-1)*Newton(t2-t1-1,r2-r1-1)*
Newton(i3-t2-1,r3-r2-1)*Newton(N-i3,n-r3)*d};
p=p/a2
t3=sample(1:N,1,replace=TRUE,p)
s[r1]=t1;s[r2]=t2;s[r3]=t3;
if (r1>1) s[1:(r1-1)]=sample(1:(t1-1),r1-1,replace=FALSE)
if (r2-r1>1) if(t1+1==t2-1) s[r1+1]=t1+1 else
s[(r1+1):(r2-1)]=sample((t1+1):(t2-1),r2-r1-1,replace=FALSE)
if (r3-r2>1) if((t2+1)==(t3-1)) s[r2+1]=t2+1 else
s[(r2+1):(r3-1)]=sample((t2+1):(t3-1),r3-r2-1,replace=FALSE)
if (r3<n) if(t3+1==N) s[n]=N else
s[(r3+1):n]=sample((t3+1):N,n-r3,replace=FALSE); s }
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Domański Cz., Pekasiewicz D., Baszczyńska A., Witaszczyk A. (2014). Testy statysty-
czne w procesie podejmowania decyzji. Wydawnictowo Uniwersytetu Łódzkiego.

Edgeworth F. Y. (1907). On the representation of a statistical frequency by a se-
ries. Journal of the Royal Statistical Society vol. A 70, 102-106.

Efron B. (1979). Bootstrap methods. Another look at the jackknife. Annals of
Statistics vol. 1, 1-26.
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Krzyśko M. (2000). Wykłady z teorii prawdopodobieństwa. WNT, Warszawa.
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